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Chapter VI 


THE SPECTRAL ANALYSIS 
OF UNITARY AND SELF-ADJOINT OPERATORS 


58. The Trigonometric Moment Problem 


Our next considerations will be based on a series of facts related to 
the so-called moment problem. In general form, the moment problem can 
be formulated as follows: let there be given a set of functions uy, (ft) 
(as<t<b) and a set of numbers c,; the parameter a determines a one-to- 
one correspondence between these sets; it is required to find a nondecreas- 
ing function of bounded variation o (t) (as tsb) satisfying the system of 


equations 
b 


(1) i u(t) do (1) = c,. 

This problem consists of several parts, of which the basic one is the 
determination of conditions for the solvability of the above system of 
equations in the indicated class of functions o(f). 

The earliest moment problem, which concerned the important special 
case with the given set of functions 

| FRG (ee seme ae 
(the algebraic moment problem) was studied by P. L. Tchebysheff and A. A. 
Markov in their remarkable works on limiting values of integrals. 

In the present section we consider the trigonometric moment prob- 

lem. In this case the system (1) has the form 


27 
(2) oe = | eda (0 Cae = Ol 2, cei CeO 3): 
0 


THEOREM: For the existence of a nondecreasing function! o(t) satisfy- 
ing equations (2) it is (a) necessary that the non-negativity of the trigo- 
nometric sum 


ee (n = 0,1, 2,...,) 
k 
in the whole interval (0, 27] implies the inequality 


1 The boundedness of the variation follows automatically from equation (2) for k = 0. 


I 
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ae bee 2 0 


and, (b) sufficient that for any real number u the expressions 
> ( — I) erie ne 3. as) 
k=-n n 


be non-negative, which correspond to the particular trigonometric sums 


n ) She. fe Se oe. 
= [k| eik(t-u) eik(t-u) 
my ~|> 


k=-n n 
Proof: If the system (2) has a solution o(f), then 


2n 
22 §, Cy = p> é,, edo (t), 
n : = <n 


and this yields the necessity of the first condition stated in the theorem. 
In order to prove the second part of the theorem, we consider a sequence 
of trigonometric sums 


bn (u) = y ( a uel) ce iM (n = I, 2 BF oe as 
k= n 


—n 


2 


which are non-negative by hypothesis. Let 


on (1) = 5—| Yn (w) du Cs to ee 


0 
These are nondecreasing functions for which 


on (0) = 0, on (27) = Cp (ea Pees Perera 
Thus, we have a sequence of functions on (¢) which are nondecreasing 
in the interval [0, 27] and satisfy the inequality 
0 < on(t) S C% OP = 152 Bane): 
By the first theorem of Helly there exists a nondecreasing function o(ft) 
and a subsequence {on, (f)};2, such that 
pais On; (t) = c(t) 


at each point of continuity of o(f). By the second theorem of Helly 
2” 


2 2” 
elktdo (t) = lim i elMqon(t) = lim { en (t) dt = 
‘ oe. jJ--o 2a 


and our assertion is completely proved. 
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We turn now to the question of the number of solutions of the system 
(2) under the assumption that it is solvable. Let us assume that (2) has 
two distinct nondecreasing solutions, o(f) and o*(t). Their difference 


w(t) = a(t) — o* (2) 
is a function of bounded variation for which 
2m 
(3) | etd w@ = 0 (+k =0,1,2,...). 
0 

Now we shall prove that if the (real or even complex) function of 
bounded variation (f) satisfies (3), then it is constant at all its points of 
continuity. With this aim, we consider, for k= +1, +2,..., the 


equation 
2n 2m 27 
| e*'d w(t) = ew (1) | — ik { e* w(t) dt = 
0 1) 0 


20 27 
= | dali ik | ete, (1) dt. 
0 0 


It follows by means of (3) that 
2n 
| etre (oat = 0 (+k = 1,2,3,...). 


0 
Letting 


2 
C | w(t) dt, 


we find that 

2 

| eM {o@ —C}dr =0 (+k =0,1,2,...). 

0 
It follows from this equation and a fundamental uniqueness theorem from 
the theory of Fourier series that 

w(t)—C=0 

at each point of continuity of a(t). 

From what has been proved, it follows, in particular, that, if o(t) and 
o*(¢) are two distinct solutions of (2), then their difference is constant at 
all the points where this difference is continuous. We say, therefore, that 
the solution of (2) is essentially unique. If we impose certain normaliza- 
tion conditions on the function o(t), then the solution is unique without 
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reservation, i.e., the italicized word “essentially” is unnecessary. These 
normalization conditions involve, first, the points of discontinuity of 
a(t) and, second, the end points of the interval [0, 27]. At each point ft 
of discontinuity in the open interval (0, 27), the limits o(¢ — 0) and 
o(t + 0) exist. The value at the point ¢ itself can be any number lying 
between these limits. We let 


a (t) — a(t — 0), 
i.e., we require that the function o(t) be continuous from the left. In 


order to motivate further normalization conditions, we point out that the 
function o(f) itself 1s of no interest; rather, the interest is in the integrals 


2a 
[£do(, 
0 
where /(¢) is a continuous function with period 27. Every integral of this 


kind may be represented in the form 
27-0 


fy (t) do (t) = [s (t) do (t) + 


+ f (27) {o (27) — «(27 — 0)} + f(0) {fo (+ 0) — o(0)}. 


Since 
fn) =f) 
we have 
[ Hodes) = [ FOdo(t) + O{ol2n) — o(2” — 0) + o(+ 0) ~ o(0)} = 
= [£@ dor = [FO dor, 
where : 


o*(t) = a(t) (0 <t < 2n), 
o*(27) = o* (27 — 0) = o (27 — 0), 
o*(+ 0) — o*(0) = o( + 0) — o (0) + o (27) — o (22 — 0). 
Thus, the new function o*(t) is continuous from the left also at 
the point 27. At the point zero it has a well-determined jump from the 


right (concentrated mass) which in special cases can equal zero. Finally, 
let us define 


a(t) = o%(t) — o¥(0). 


Then the equation 
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22 27 
[/@de = [FOde0 


holds for any continuous periodic function f(t). Both o(t) and o*(f) are 
continuous from the left in the interval 0 <+t < 27. But, in addition, 
o(0) = 0. We will always impose these normalization conditions on the 
solutions of the trigonometric moment problem. They serve to determine 
a unique solution. 


59. Analytic Functions with Values in a Half-plane 


In the present section we consider analytic functions, regular in the 
interior of a circle or a half-plane, which take on values which lie in some 
half-plane. 

THEOREM |: Jn order that a given function f (¢), finite in the circle 
| ¢| <1, admit the representation 


(1) 1) = 8 + [ G*E dow, 


where 8 is a real constant and o(t) is a nondecreasing function’, it is necessary 
and sufficient that f(¢) be regular and have a non-negative real part in the 
circle || <1. 
PRELIMINARY REMARK. We have here a particular moment problem 
with the moment function 
ee 
The role of the moments is played by the numbers 


= f (2) — iB, 
where the parameter ¢ runs through a discrete sequence in the circle 
|e] <1. 
We remark also that 8 = 3 (0). 
Proof: The necessity of the condition of the theorem is obvious, 
since the a member of formula (1) is regular in the region | | < 1 and 


a( {5 tide 6) [arta da(t)= 


—2rcos(t— 9) +r 


where r = |¢€| <1 and » = arg ¢. 


2 The boundedness of the variation of o(t) is obtained automatically from the finiteness of 
the value f (0). 
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We prove now that the condition is sufficient. Assume that f(%) is 
regular and has non-negative real part in the circle | | <1. Then, as 
is known from the theory of — /(%) is given, for|¢| s R <1, by 


Re! + ¢ 


u (Re) dt, 
Faz # (Re) 


; ] 


where 


u (rel) = Lfre) eee 
is the real part of the function f(¢). Hence 
R f(0) = -— | u (Re) dt. 
The indicated representation can ee in the form 


= © op (0), 


(2) fo =n [BE 


where 
t 
Pe) ers | u (Re) ds. 
Qn : 


Since u(Re's) = 0 by assumption, o,(t) is a nondecreasing function of ft 
and, for 0 S$ ¢ S 2, 
OS og(t) S op (27) = RS (0). 

Thus, the set of functions o,(t) (0<R<1) is uniformly bounded. By the 
Helly theorem, there exists a nondecreasing function o(f) and a sequence 
R,<R,< Rg <... (KR )), 

such that 
lim oR, (t) = o(ft) 
j--@ 


at each point of continuity of o(t). Applying the second Helly theorem 
to (2), we find that 


(3) IQ = ib + [FF do 


for each ¢ in the circle | ¢| <1. Thus, the theorem is proved. 
If we expand /(¢) in a Maclaurin series 


Fly Se $26.40 4 2650? + 
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and let a = Co, then by (3) we obtain the following expressions for the 


coefficients 


2n 
c= [{ dol, 
0 


2n 
ee [ede (n | ee oe ee 
i) 


Introducing the numbers c, = c_,(k = 1, 2, 3,...), we obtain the equa- 
tions which appear in the trigonometric moment problem. Therefore, 
under the normalization conditions of the preceding section, the function 
o(t) in (3) is uniquely determined by /({). 

This fact can be proved also with the aid of the following well- 
known inversion formula from the theory of Fourier series. 

THEOREM 2: (R. Nevanlinna) In order that a given function 9(z), finite 
in the half-plane 3z > 0, admit the representation 


e@)=atuz t+ fit Fao 


(where »=0 and a are two real constants, and o(t) is a nondecreasing 
function), it is necessary and sufficient that 9(z) be regular and have non- 
negative imaginary part in the half-plane 3z>0. Here the Stieltjes integral 
with infinite limits of integration is to be interpreted as 


B 
im: Pee: 
A> - © SS 2 
Bow A 
which corresponds to the assumption that the limits 
o(—o) =lim o(A), o(o) = lim o(B) 
A—- © B->-ao 


are finite. If, in addition, one applies the normalization conditions 
o(t—0)=c(t), o(— ~) = 9, 
then the function o(t) is uniquely determined. 
Proof: Let 
; Lae 
1—¢" 
e(z) = if (%. 


3 The boundedness of the variation of o(t) follows from the finiteness of the value ¢(#). 


—_—_ 
— 
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These transformations map the half-plane 3z> 0 into the circular 
region | ¢| <1, and the function 9(z), regular in the half-plane 3 z > 0, 
into a function f(¢), regular and having non-negative real part in the 
circle. The integral representation of such a function was treated above. 
It has the form 


p= fs 


27-0 


7 dp (8) = B+ [Gait 


+ =? {02n) — pn — 0) + p( +0) —p(0)} = 


27-0 


at TS ap (s), 


7 = iB +m: 


where we denote the sanibaden by p(s) instead of o(s). With the aid of 
the transformation defined above we obtain 


27-0 
. 1 fe 
(4) e(z) = —B+ip ee eer 0 
1—¢ 5 f —C 
or 
27 - 
Ss 
zcot, — | 
p(z)=—B+pz+ dp (5). 
cotn +z 
+0 
Letting 


ay ee — cots = t, p(s) = o(?), 


we obtain for 9 (z) the representation 


(5) e(@) =a +2 + [> don) 


The transition from (4) to (5) is also currect in the reverse direction. 
Therefore, Theorem 2 is proved. 

THEOREM 3: Jn order that a function 9 (z) in the half-plane 3 z> 0 
admit the representation 


fd w(t) 


es 


p(z) = 


- @ 


with a nondecreasing function of bounded variation w(t), it is necessary 
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and sufficient that » (z) be regular and have non-negative imaginary part in 
the half-plane 3 z> 0 and 

sup | y 9 (iy) |< ©. 

yo @ 


The function w(t) is uniquely determined by ¢ (z) if we require that 
w(— o)=limw(A) = 0, w(t —0) = af(P) (— o<?tS o), 
A—-@ 


Proof: The necessity of the condition 1s easily verified. We concern 
ourselves only with the proof of the sufficiency. If the function ¢ (z) is 
regular and has non-negative imaginary part in the half-plane 3 z> 0, 
then it admits in every case the representation 


9 (2) =atuz+ [7 " doy, 


as we Saw in the previous theorem. From this representation it follows 
that 


ye (i) = ay + int + [20 don 


By hypothesis, there exists a constant M such that 


ay + ipy? + [ao <M (y > 0). 
Hence, a fortiori, 
y( =r d 
t)| <M, 
Ol Ty (1) 
(6) : 
| l+f 
| [eee do (t < M. 
| | oy an career (1) | s 


The second inequality shows that » = 0 and also that 
3 2 
—* _(1 + ")do(t) <M. 
: [ + y? 
Hence, for any N> 0, 
- 2 
y 
oe +l to). M 
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Let y > o to obtain 
N 


fa + 1) do(t) < M, 
-N 
and, consequently, 


fa + P)do(t) <M. 


We can, therefore, introduce the nondecreasing function 
t 
w(t) = | + A) dol, 


for which it is obvious that 
lim w (t) = 0, 


[> - © 
and which, together with o (ft), is continuous from the left. 
From the first inequality in (6) it follows that 


yo @ 


= | OLN ais 
; {? + y? 
From this one easily gets 
— { t do (1). 


Since, as was shown, » = 0, (5) takes the form 
e(z) = | tae (0 + f=? doy 
or 
dw (t) 


iC eae rane 


which was to be established. 

The uniqueness of this representation (under our normalization con- 
ditions) is a consequence of the uniqueness of the function o (t)in Theorem 
2, since this follows from the equation 


_ fdw(t) 
1+ 2’ 


—- @ 


o (f) 
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which relates the functions o(f) and w(t). However, it is possible to 
establish the uniqueness directly by using the following Stieltjes inversion 
formula: 

t 


wht 0) eNO) 2 een Ali 1S @ (x + iy) dx. 


2 yo 0 
0 


60. The Theorem of Bochner 


In the present section we consider the continuous analogue of the 
trigonometric moment problem. The problem consists of finding condi- 
tions, which a given function F(f),— 0 <t< o, must satisfy in 
order that it have a representation 


foe) 


(1) F() = | et de (8), 
where w(s) is a nondecreasing function.‘ 

Bochner was the first to prove that such a representation exists and 
is unique under suitable normalization’ if and only if the function F (f) 
is continuous and 


n 
(2) 2 F(t - ts) Pa Pg 7 0, 
for any integer n, any real ¢,, f,,..., tr, and any complex p,, po, ... , pn. 


Functions which satisfy (2) are called positive definite. 
The necessity of these conditions is easily verified. In fact, the right 
side of (1) is a continuous function of ¢, and, on the other hand, by (1), 


=e (t. - ta) Pa Pp = | p> p,etk |? dw (s), 
the right side of which is finite and non-negative. 

The proof of the sufficiency, to which we now turn, is not so simple. 
Let F(t) be a continuous function which satisfies (2). We remark that, 
by (2), for any t(— 0 <t < o) the equation 

F(t) = F(—2) 

and the inequality 

(3) |F(@)| s FO) 
both hold. Let 


‘The boundedness of its variation follows from the finiteness of the value F(0). 
5 cf. Theorem 3 of the preceding section. 
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6 (2) = { el? F(t) dt. 
0 
By (3), the function @ (z) is regular in the region 3z > 0. In addition, 
for each y> QO, 


ly (iy) | s | ye? [Flt s FO) { ye" dt = FO), 


Now we show that 
R S(z) 20 (Zz =x -+ iy) 
for y> 0. With this aim let us introduce the identity 


. = eee dy. 


0 
We have further 


@(z) + @(z) = [ e FW) du + | e7™ F(—u) du. 
0 


0 


Therefore, 


@ ee = @ @(z) | = | | e+) 9 Fy) du dy + e-#u+”) elev Fy) dudv= 
0 0 


0 


Ct——. 3 


elt? e@ BZ E'(g = B) da + [aa eitz e ~ Bz F (a—B) dB aes 
0 


a 


8 


—, 8 


dp 


I 
ot, 


Bee) 


| 
Ot, 


| FG — B) e*@-®) e-¥0+9) da dB = 
0 


A A 
lim | | Fe — B) e@-®) e- 0+ da dB = 
A->@ 

0 0 


n 
be 4 A® r aaa S - A 
= - = y(rt+s)A 
= lim lim — F(——? A) et -94l2 9 - wet) In 
A>ao noo Nl n 
r,s=]1 


and our assertion follows from the fact that the sum on the right side has 
the form (2) (it is sufficient to let t, = kA/n, py = e7 7&4! ex &Aln), 

The function ® (z) differs only by the factor i from a function con- 
sidered in the previous section (cf. Theorem 3). Hence, under our normal- 
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ization conditions, there exists a unique nondecreasing function w (s) 
such that 


© (2) =i {29 (32> 0). 


On the other hand, 


lo @) 
aa i els zy dt 
0 


S+ Zz 
and, hence, 
{ el F(t) dt = { des (s) | elstaM dy = { elt dt { et des (8). 
0 - © 0 0 ~ © 


This means that two piece-wise continuous absolutely integrable functions 
of ¢t, which equal zero for t < 0 and equal 

e~-” F(t), e7” | e' dw (5S) 
for t 2 O, have identical Fourier transforms. By a well-known uniqueness 
theorem these functions are identical. Hence, the representation (1) is 
obtained and its uniqueness is proved. 

From the uniqueness of this representation we have the following 
more general proposition: if w,(s) and w,(s) are two complex functions 
of bounded variation which are normalized in the usual manner and if, for 
= 100; Sct = 400, 


[o.8) fo @) 


(4) i el dus, (8) = | el dirs (5), 


then 
w, (5) = we (5). 
Indeed, if (4) holds and 
& (s) = w, (Ss) — w, (5), 
then 


| e da (5) af (eee 20). 
If we let ~ 
@ (Ss) = p(s) + i (5), 


where 9 (s) and ¢# (s) are real, then we get 
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fo 0) foe) 


cos st do (s) = | sin st dy (s), 


{ sin st dg (s) = -| cos st diy (Ss). 
Since one member of each of the equations is an even function, and the 
other members are odd functions, 


{ cos stde(s) = | sin st de (s) = { cos std (s) = { sin st dys(s) = 0. 


In other words, for all real 1, 
[ ede) =0, | et ay(s) = 0. 


Since each of the functions 9 (s) and ¥(s) is the difference of two non- 
decreasing functions, the equations 


o(s) =0, ¢(s) =0 (—-wo<s<o) 
are direct consequences of Bochner’s theorem. 


61. The Resolution of the Identity 


We recall the results of Section 55 concerning completely continuous 
self-adjoint operators. Here we assume that the operator—we denote it 
by A—operates in a Hilbert space H (rather than in an arbitrary inner 
product space R). As we have seen, the operator A has a finite or countable 
set of pairwise orthogonal and normalized eigenvectors e, é5, é3,.. ., which 
correspond to nonzero eigenvalues. The set H, of all vectors from H 
which are orthogonal to each vector e, is a subspace. From the theorem 
of section 55 it follows that for h ¢ Hy), Ah = 0. Therefore, it is possible 
to consider H, as the eigenmanifold of the operator A which belongs to 
the eigenvalue 4 = 0. This space is separable if H is separable, and not 
separable otherwise. As far as the subspace H © H, is concerned, it is 
always separable and {e,} is an orthonormal basis for it. We can represent 
the subspace H © H, in the form of an orthogonal sum of eigenmanifolds 
H,, which belong to distinct eigenvalues. Then 


H=H,@®H,@H.@..., 


Af= AS 


where 


for fe H, (A> = 0). 
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Thus, we have decomposed the space H into subspaces, in each of 
which the operation of A is merely the multiplication of an element by a 
particular number. Designating the operator of projection on H, by P, we 
can write 


(1) | ee ee ee ae 
For each fe H, 
(2) Af=AP f+ rA.Peft.... 


The numbers A, appearing here are real, they lie ina finite interval, and can 
have as a limit point only the single point 0. To enumerate the numbers 
A, In the order of increasing or decreasing magnitude is possible only 
if they are finite in number or if all are of one sign. Therefore, the terms 
of the series (2) follow not in their natural order, but in the order determined 
by the enumeration of the set of eigenvalues. This defect of the repre- 
sentations (1) and (2) can be removed by using the Stieltjes integral. 

With this aim let us introduce, for each real ¢, the subspace G, spanned 
by the eigenvectors which belong to eigenvalues less than ¢. Here we 
regard zero as the eigenvalue which belongs to the eigenmanifold Hy. Let 
E’, be the operator of projection on G,. The operator E, has a limit both 
for increasing and for decreasing ¢. Therefore, E,_, and E,, exist. It is 
easy to see that 

E,.¢.=£, 
Thus, E, is a function of t which is continuous from the left. If A, is an 
eigenvalue, then the difference 
Fy, +0 — Ey ae P, 

is the operator of projection on the eigenmanifold H,. Now formulas (1) 
and (2) can be represented in the form 


B 
(1 f=Ef= [dbs 


B 
(2) Af=|tdEJ, 


where the integrals are taken over an interval [a, 8] which contains all the 
eigenvalues of the operator A. 

These integrals are nothing other than sums of particular series. We 
have introduced the integral representations because, as we shall see later, 
they generalize to arbitrary (not necessarily completely continuous) self- 
adjoint operators in H. Anticipating this generalization we make the 
following definition. 
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DEFINITION: A resolution of the identity is a one-parameter family of 
projection operators E,, where t runs through a finite or infinite interval 
[a, B], which satisfy the following conditions.® 


(a) E, = 0, Es = E, 
(b) E,.c=E, (a<t<B), 
(c) E, E, = E, (s = min {y, v}). 
From the definition it follows that, for each fixed fe H, the function 


of t given by 
(Ef, Sf) aid (t) 

is nondecreasing, has bounded variation, is continuous from the left, and 

a(a) = 0, o (8) = (SS). 
Indeed, for s <f, 

(EAS) =NESIP = WEE SIP < NES = ELS). 
For each interval 4 = [r’, t’] < [a, B], we denote the difference E,- — E,. 
by £ (4). If 4, and 4, are intervals of this type, it follows from (c) that 
E(4,) E (4,) = E (4), 
where 4 is the intersection of 4, and 4,. In particular, if the intervals 4, 
and 4, do not have common interior points, then 
E (4,) E (4) = Q, 

i.e., the subspaces on which E (4,) and E (4,) project are orthogonal. On 
the basis of what has been said, property (c) is called the orthogonality 
property of the decomposition of the identity. 

The considerations which preceded our general definition shows that 
every completely continuous self-adjoint operator generates a resolution 
of the identity. In the next section we show that arbitrary unitary operators 
and arbitrary self-adjoint operators in H have well-defined resolutions of 
the identity. It is true that these resolutions of the identity do not have 
those simple properties which the resolution of the identity of completely 
continuous operators possess. This, as we will see, is connected with the 
fact that the spectra of these operators have more complicated structures 
than the spectra of completely continuous operators. 


62. The Integral Representation of a Unitary Operator 
Let U be a unitary operator in H. We choose an arbitrary element 
feéH and let 


* If the interval (ca, 8] is infinite then we define E-w. = lim E;, Eo = lim E;. 
t 


> -@ {— @ 
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(1) (USA =alfy=a (kk =0,1,2,...), 
so that 
c., =(U"F/) =(4 UY) = &. 
We shall prove that 


(2) $,(t) = > ( = —) c, eH > 0 


k=-n 


for each integer n and each real ¢. By (1), 
@ = Las [K | ~ ike U* 
nt) me (US, f). 


On the other hand, if 


T—E AL e~*U + e~2tU24 Sls ee e~a-Dituya-i , 
then 


(Tf, Tf) = Seem, Us) = 


=Lee Orgs) =D [k ye (US). 
Therefore, | 


which implies (2). 
The sequence {c,}°,, satisfies the conditions of the theorem of Section 
58. Therefore, there is a uniquely defined normalized nondecreasing 


function o (ft) for which 
27 


C, = | eMdo (0 a enn ey ao ee 
0 


For each fixed ¢, the function o (f) is some functional of /: 


a(t) =of(t;f). 
With the aid of this functional, we now define another functional dependent 
on a pair of vectors f,geH: 


a(t; f, g) = 46S +8) — Jes f—8) a 


+ e(sf + ig) — gett t— ig). 


As above, ¢f is any real number in the interval [0, 27]. In the equation 
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2a 


| ede (t:h) =(U*h,h) (4k =0,1,2,...) 
0 


substitute, in turn, 


to obtain 
27 


(3) | edo (3fg)=(UY,g) (+k =0,1,2,...). 
0 

Thus, we have derived representations in the form of trigonometric 
Stieltjes integrals not only for the quantity (U*f, f) but, more generally, 
for (U*f, zg). This representation is unique (under the normalization condi- 
tions on the function o (t; f, g) ) according to the general theorem at the 
end of Section 58. 

Starting from the uniqueness of the representation (3) we prove that 
a(t; f, g) is a bilinear functional of f, g, whose norm does not exceed 1. 


Let 
f= a, fy = ae fo. 


(US, g) = a,(U*f,, g) ar a(U“f,, g), 


Then 


and, hence, 


Qn 2a 2a 
| edo (ts fg) = a, edo (ts fing) + as | edo (ts fy 8) = 
0 0 0 


_ { elktd. {ao (t;f,, Z) + aeo (t; fo, g) }. 


Since this relation holds for +k =0,1,2,..., and the normalization 
condition is satisfied, we have 


o(t;f,g) = 1 o(t; fi, 8) + 229 (t5 a, 8). 
We see that o, as a function of f, g, is linear in the first of these arguments. 
We remark now that on one hand 
2” 


(g, Uf) = (U'g, f) = [ edo (65 8.) 
0 


and on the other 
27 


(g, U'f) = (UF, 8) = | edo Fa). 
0 
Therefore, for any integer k, 
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2n 2n 
[ eMdeGF®) = | edo (ts 8,f). 
0 0 


Hence, 
a(t; f,g) =o(t38,f). 
From this relation and the linearity in the argument f, it follows that 
a(t; f, Bi 1 + Be 82) = Bio (t3 f, 81) + Boo (t3 f, Bo). 
We recall now the theorem of Section 20. Since o(t; f, g) is a non- 
decreasing function of ¢t and since 


o0;f,f) = 9, 
(65S) S oQn FS) = | de(GhS) = GP 


it follows from the indicated theorem that o (t; f, g) 1s a bilinear functional 


of f, g with norm not exceeding |. 
By the theorem on the general form of a bilinear functional, there 


exists a family of operators E,, which depend on the parameter 7(0S t $27), 
such that 
a(t; f,g) = (ES, 8). 
Now we prove that E, is a resolution of the identity. 
It follows by means of the equation 


c(t; f,g) =o(t; 8, /), 
(g, Ef) _ (E,2,f) 


In other words, E, is a bounded self-adjoint operator. 
We write (3) in the form 


that 


2n 


3’ (Uf, 8) = | eMd(E,S, 8), 
0 
and let 
g=-U'h (+r=0,1,2,..,). 


We obtain 
27 


(U*f, U-h) = | etd (Ef, Uh) 


and, hence, 
27 


(UKE h) = { ed (U'E, f, h). 


0 
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But since 
27 
(U'E, fh) = | eafE.E,f, 
0 
we have 
2a 27 
(4) cur A) = | ed { [ era(EES | 
0 0 


On the other hand, 


27 27 t 
(5) (UNS A) = [era(E, fn) = fed, | [end ELM]. 
0 0 0 
From the validity of the representations (4), (5) for any integer A and from 
the normalization properties of the functions of f 


2a t 


[era S0, | ed ESN, 
0 0 


it follows that 


2a t 
| ed (EE Sm) = | ed ES Wh. 
0 0 

This relation is satisfied for any integer r. Therefore, by the uniqueness of 
the representation, the equation 

(E,E, f,h) = (ES, A) 
is correct for any f,h © H, whenever s < ¢. We have also shown that 

(6) EE, = E, (s = t), 
which implies that 
EA = Fs 
1.e., E, 1S a projection operator. Instead of (6), it is possible to write the 
more general relation 
Oe eee oe (s = min {u, v} ). 
It remains for us to verify that 
Eo 0: bo 2... bg Se, (0 <?t S$ 2n) 

in order to complete the proof that E, is a resolution of the identity. The 
first and second equations need no proof. In order to prove the third 
relation, we use the normalization conditions which imply that 

lim (E, f, g) = (Ef, 8). 

s—>t 


S<t 
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Thus, 
E,-9 = E, 
in the sense of weak convergence. But this equation also holds in the sense 
of strong convergence, since, for f > s, 
I(E, — Bi? = CE, — BIAS) =(E LS) — ELS), 
and this implies that 
r (E, = E.)f || 

tends to zero as s > 7t(s < fr). 

We have obtained a resolution of the identity, with the parameter 
interval [0, 27], which belongs to the operator U in the sense that for any 
integer A and any /,g¢H 


2a 


3’ (UY, g) = | ed (Ef, 8). 
0 
This equation is expressed often in the form 


27 
Uf = | eae, J. 
0 


We show now fhat this equation has a valid interpretation, in its own 
right, in addition to being a symbolic representation of (3’). As in elementary 
integral calculus, we introduce a subdivision of the interval [0, 27]: 

O == 45.7, a (ae ee < f, = 27 
Corresponding to this subdivision we construct an operator’ 
Tn = CE (4,) + eE(4,) +... + e*E (An), 
where 4, = [t,_,, ;]. Now we prove that, for each fe H, 

(7) Inf + U*f (n> o), 
if the largest of the lengths of the intervals 4; tends to zero. In other words, 
we prove that the sequence of operators 7; converges strongly to the oper- 
ator U*. After that, we use the limit of the operators Tn as the definition of 


the integral 
27 


i oMAE., 
0 
In order to prove (7) we recall Section 23. In view of Theorem 1 of 
that section, we should verify that 


* Translator’s Note: The dependence of 7, on k might have been indicated by writing 
Tin In place of T,. 


22 Vl. SPECTRAL ANALYSIS OF UNITARY AND SELF-ADJOINT OPERATORS 


(a) foranyf,geH 
(Inf, 8) >(Ufg) (n> o), 
(b) I mf il >i OF = If i. 


The validity of (a) is obvious from (3’), since 


2a 
(Trg) = YeM(E(4)f,8) > | ed ES). 
= 
0 
In order to prove (b) we notice that 


| Taf \? = (Taf Taf) =D MO MEADS E(A)S) = 
= YMA) ELI) =LEALN = GP. 


r,s=l 


These relations show that not only does the limit equation (b) hold, but, 


simply, 

From our considerations, we remark that the resolution of the identity 
E,(0 $ ts 27) is not only completely defined by the operator U, but in turn 
completely defines this operator. 

Completing the present section we show that the operator E,, for any 
fixed t, reduces the operator U, and moreover, reduces each integral power 
of the operator U. This is equivalent to the assertion that 

(U‘E, fg) =(EU'F,g) (+k =0,1,2,...). 
for arbitrary /, g € H, ie., the operators U* and E, are permutable. The 
proof follows at once from the formula (3’); in fact 
2n t 
(UES, 8) = [eMAd(E,E,S, 8) = [ed (E,S, 8), 
0 


and, on the other hand, 
2a 


(E,U'Y, 8) = (UY, Eg) = [eMa(E,f, E.8) = 


0 
t 


= fomacee fg) = | ed (Ef, g). 


0 
63. Operators Represented by Stieltjes Integrals 


In the preceding section we defined the integral 
2a 


| eikt d E, 


0 
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as the limit, in the sense of strong convergence, of the sequence of operators 
efkti F (4,) a eik B (A,) se eiktn E (An), 


which have the form of Stieltjes integral sums. The present section is 
devoted to a certain generalization of this construction. 

Let us take a particular resolution of the identity Z, in a finite or 
infinite interval [c, 8] and a particular real or complex function ¢ (f) 
which we assume to be continuous at every point of [a, 8] with the possible 
exception of a finite number of points. We form the expression 

F 

| e@dEFH, 
and we denote by M the set (linear manifold) of all those elements / for 
which this expression is a linear functional of f, By the theorem of F. 
Riesz there exists a unique element 7f which depends on f€ M, such that 


8 


[| eOadGF h) = (h, Tf), 


Or 
B 


(1) Je @dB sh) =( Th). 

It is easy to see that 7 is a linear operator with domain D;=M. The 
present section is devoted to the study of this operator. 

For simplicity we assume that the function ¢ (¢) is continuous on the 
half-closed interval [e, 8). Thus, we will have only one exceptional point 
(the right end point of the interval). This assumption, however, does not 
decrease the generality of our conclusions, since the case of any finite num- 
ber of exceptional points can be reduced to the simpler one by subdividing 
the interval into parts. 

We proceed to show that the domain M of the operator T is the set of 
all vectors ffor which 


B 
(2) J leORdEL/ <@. 


The first step is to prove that the inclusion fe M implies inequality (2). 
Fix fe M and, in (1), let 

h=Trf. 
Then 
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B y 
TSI? = | e@dELTA =lim | eA ELTA, 


a 


But 
B t 
(ELT) =Th ED = |e@4ELEN = [eOd ELS. 
Therefore, ; ; 


y B 
ITS\* =lim [ o(PAELS) = | le OPEL 


which yields inequality (2). 
Let us assume now that inequality (2) holds for a fixed element f, and 
prove that fe M. Since 
i" 


[ed ELA =lim ¥ (WEIL, 


ae 


Y 


and 
[ye (4) (E(4) 4h) | S > lo(t) |. \E(4) LE (4)h| s 
s/ SlewrEa@s) | SEAM, 
and = 
2 (E (4,)h, h) s A}, 
lim Slow) PEL =| leORdELS, 
we see that 7 


feoaesn| < |All [Provan 


By this inequality, in which y’, y” are any numbers which satisfy the 
inequality a < y’ < y"< 8, we conclude that the improper integral 


B 
[eOdEsm 


exsits and also that 
B 


ee 
fe@aes, h)\ <||h if le Pd(E SS). 


a 
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This implies that fe M. 

From our proof it follows that if the function ¢ (7) is bounded in the 
interval (a, 8), then 7 is a bounded operator which is defined everywhere 
in H. In this case 7 can be defined also as the Stieltjes integral operator 

B 

(3) | ede, 

i.e., as the strong limit of some operator integral sum, similar to that which 
was done in the preceding section. 

Further, in this case it is immediately verified that the operator T* 
adjoint to 7 has the form 

p 
[ eae, 

If the function 9 (f) is not bounded, then the domain of the operator 
does not coincide with the whole space H, but it is dense in H. If, for 
example, 9 (/) is bounded on each interval [a, y] with y €(a, B), but is 
unbounded in the neighborhood of 8, then D; contains the set of all the 
elements in some manifold 

(£, — E,)H 
with y € (a, 8). This set is dense in H. From what has been said, it follows 
that 7 has an adjoint operator 7* also in case ¢ (f) is not bounded. We 


show now that 7T%* 1s defined by the formula 
p 


(T*f,8)= | eMd(EL 8), 
where D;.=M=D,. In a similar manner, we show that in the case of an 
unbounded function ¢ (f), the operator T can be represented by a Stieltjes 
integral, this time improper. For simplicity we again restrict our consider- 
ation to the case when the function 9 (7) is continuous in the half-closed 
interval [a, B). 
First, we introduce the function 


_fe@ (stsy<A), 
elt) = {% (1> »), 
in terms of which we define an operator 7, as a proper Stieltjes integral 
B Y 


T, = | 9,(t) dE, = i » (t) dE,. 


a 
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Now, 7, is a bounded operator which is defined everywhere in H and the 
adjoint operator 7° has the form 

B Y 
Tr = | ofa, = | oO dé, 


For any f,/heH 


Y 


B 
(T,f,h) = [od ES m) = | od ESA). 


Now we prove that for any f¢ M the equation 
Tf = lim T, f 
y—B 

holds, so that the operator T can be represented as an improper integral 

B 

| ? (t) dE,, 
with the linear manifold M as domain. Indeed, according to what has been 
proved above, for any fe H 


IT, SP =| le OMELS. 


Therefore, 
lim || 7,f | 
y—8B 
exists if and only if fe M, in which case 
(4) um Il TY A = 0 TFA 
y—, 


But on the other hand, for fe M, and eachh eH 


y—B 


lim (Tf, ) = lim | 9 (1) d(E,f,4) = (TH). 


In other words, for y — 8, 

Tf % Tf 
This result and (4) imply that 

T,f > Tf 


Replacing 9 (t) by 9 (f) in the preceding development, we find that, 
for each g eM, 


B 
[© i) dE.g = lim mf oO dEg =lim Tye = Se, 
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where the limit is in the sense of strong convergence. Therefore, for 


f,g eM, 
(Tf, 8) = (f, Sg), 
which implies that 
(5) M c D... 


We assume now that for some pair of elements h, A4* ¢ H 

(Tf, h) = (f, h*) 
for any fe M. For f/f, we substitute the element 7% h, which certainly 
belongs to M. Noticing that 


(E, Tth, h) = | @(9) d(E,h, Eh), 


a 


we get 
Y 


B Y 

(Tf, h) =(1T#h, h) = [9 Oa [oO d(Eh, ED} =[l 9 Pd (EA, A) = 
= || Th |l. 

From the equation 

|| TTA |? = (TA, h*), 
it follows that 
| Th | S | A* I. 
This yields the inequality 


Y 
lim | lo (0) °d(Eh, h) € |A¥ 2 < @, 
y—B 


1e., héM. And so, it is proved that D;. ¢ M. From inclusion (5) it 
follows that D;. = M =D, and also that 
B 


T* = S = {o@ dé, 


Since the transition from 7 to 7* resulted from the replacement of ¢ (¢) 
by the complex conjugate function ¢ (t), we have (7*)*=7. Among other 
things, it follows that the operator T is closed. 

There is still another way to construct the operator 7 in the case of 
an unbounded function ¢(¢). In place of approximating 9 (ft) by the 
functions 9,(f), it is possible to use the function ¢ (f) directly to define the 


operator 
B 


| eae, 


a 


28 VI. SPECTRAL ANALYSIS OF UNITARY AND SELF-ADJOINT OPERATORS 


first for the elements, for which the integral exists as the strong limit of 
integral sums (in the proper sense), and then to close that operator. This 
closure will be our operator 7. 

Until now we have been considering the class K of all functions 9 (f) 
which are continuous with the possible exception of a finite number of 
points. A further generalization is related to the larger class K, which is 
defined by the condition that 9(*)¢K if and only if there exists some 
feH such that 9 (t) € L?, where o (t1)=(E,f,f) (at). 

In order to define the integral 

B 
[ e@aEs 


for 9 (t) eK, we choose a sequence {9(t)}(°, of functions in K which con- 
verge in the sense of the metric of L> to the function 9 (t). We let 
B 
gn = | widEy Gea O33): 
Since, for functions of the class K, 
8 
Bm —8n = | {%m(8) — %a(1)} AES 


a 


and 
B 
8m — 8 P= | lent) — on) PACES S) 


the sequence {g,};° converges to some element g¢H. We define 
B 
| e@dES =e. 
Denoting by D, the set of elements fe H such that (rt) e L?, where 


o (t)=(E, f, f), we obtain an operator defined by the Lebesgue-Stieltjes 
integral 


B 
Tf = | 9 (0 aE,f 


If the function 9 (t) belongs to the class K, then this Lebesgue-Stieltjes 
integral coincides with the integral considered earlier. 
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64. The Integral Representation of a Group of Unitary Operators 


The method which we applied in Section 62 in the study of unitary 
operators, we apply now in some other cases. We use it to obtain an integral 
representation of a group of unitary operators (in the present section) and 
the resolvent of a self-adjoint operator (in the following section). 

Let a family of unitary operators U, be given which depend on a 
parameter s (— 0 <s< oo) and which satisfy the following conditions 

I) U,U, = U,.;; 

2). Uy =2E, 

3) (U,f, g) is a continuous function of ¢ for any f,g¢H. From 1) 
and 2) it follows that U;'=U_,. But since U*=U,', we have U* =U_.,. 

The family of operators under consideration comprises a continuous 
abelian group. 

We select an arbitrary element fe H and consider the function 


F(t)=(U,Lf). 
This function is positive definite. In fact, it is continuous and, for arbitrary 
real ¢, and complex p,(a=1, 2, 3, ..., 7), 


2 Flt = ta) PaPe = D4 Ui aS) Pab a =o 


= LU cf eUigS) = I PaUi.f 2 0. 


Therefore, we can apply the theorem of Bochner to the function F(t). By 
this theorem, there exists a unique nondecreasing function w (s)=w (s; f) 
such that 

w(— oo) =lim w(s)=0, w(s — 0) = w(s) (— 0o<s< 0) 


s—>- @© 


and 


fo @) 


F(t) = [ ede (s)  (—a<tr<o). 
For t = 0 it follows that | ° 


(ff) = FO) = | do (s) = 0 (~). 


Further, the function w (s; f) determines a function w (s; f, g) such 
that 


ioe) 


(U,f, 8) = | edu (s;f, 8). 


Under the normalization conditions 
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w(—o;f,g) =lim w (s; f, g) = 0, 
(—wo<s <0), 
w(s—O;f,g) = o(s;f, 8); 
this representation is unique. By this uniqueness, as before, it is proved 
that w (s; f, g) is a bilinear functional of /, g, the norm of which does not 
exceed unity and which has the following property: 


w(s;f,g) = o(s;f, g). 
Therefore, there exists a one parameter family of bounded self-adjoint 
operators E, such that 
w(s;sfg)=(Ef8) (—o S58 o). 
The proof that E.(— o $s S$ o) isa resolution of this identity does 


not differ much from the analogous proof in Section 62. Indeed, on one 
hand, 


(Unf) = f ed (E, f, 8) = f eal f ed (Ef, 8) | , 


-@ - © 


and, on the other 


(Urs5.8) = (UU,S, 8) = | eld, (EU, f, 8). 


Therefore, by the uniqueness of the representation, 


(E,U,f,8) = | ed (ELS, 8). 
We now make use of the representation, 
(EU, J, 8) =(U,f, Exg) = | ed, (Ef, Ex8). 
Again by the uniqueness of the representation, we obtain the equation 
(ELS, 8) =(ES, Eg) = (EES, 8) (785); 
from which it follows that 
EE, = E, (s = min {u, v}). 
Further, the normalization conditions satisfied by w yield 
Ean SEs, ie), oe 
first in the sense of weak and then in the sense of strong convergence. 
In complete correspondence with the considerations of the preceding 
section, the integral representation 
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Uf = eB, f 


has a direct meaning as an operator in addition to being a symbolic nota- 
tion for the equation 


co 


(Uf, 8) = | ed(E,f,8). 


In conclusion, we leave to the reader the verification that the operator 
E. reduces the operator U,,. 


65. The Integral Representation of the Resolvent of a 
Self-Adjoint Operator 


Let A be a self-adjoint operator and R,=(A—zE)~' its resolvent, 
which we shall consider only for 3z 40. Fix fe H and, for z in the upper half- 
plane, consider the function 

(R.f,f) = ¢ (2). 
From the Hilbert relation 
R,, ~ R, — (z’ a Z) R,R,, 
we get 
PY 2) _ RRL) =(RRLS) + 2 — RRL SI: 

Since the second term of the right member tends to zero as z’ —> z, 

lim eye) = (R,R.f, f). 

2’—>z Z. 22 
Therefore, 9 (z) is a regular analytic function in the upper half-plane. We 
determine its imaginary part. It equals 


(z)— 92) (RANI -GRSA) _ (RLS) = (REFS) 
2i 21 2i 


But (cf. Section 44) 
R* =— R;. 


Hence, again by Hilbert’s relation, 
But, since z = x + iy where y > 0, 
3o(z) =V(R.Ff, Rf) 2 9, 
i.e., the imaginary part of the function ¢ (z) is non-negative in the upper 
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half-plane; moreover, it is positive if f0, since R, f = 0 implies that 


f= 0. 
We prove also that 
sup y | 9 (iy) | < ~. 
y>0 


Indeed, we saw in Section 43 that 


IR fll s : a 
Therefore, 
yleMl=vIR,L/)| s LS). 

We now recall Theorem 3 of Section 59. By this theorem there exists 
a unique nondecreasing function of bounded variation w (t) = w (t;f), 
which satisfies the normalization conditions 

w(— o)=lim w(t) =0, w(t —0)=a(t) (— © <t Ss o), 
t+- 0 


and the equation 
o(2) = | dw (t) (3z > 0). 
Jt—z 
Thus, it is proved that for 3z > 0 
dw (t; 
(1) hip | Ae 
= EZ 
From this representation it follows that 
yr dw (t; 
(Rf) = [SEL 
a DZ 
and, hence, 
r dw t; 
) (RIS) = [PED 


If z lies in the upper half-plane, then Z lies in the lower. Therefore, from 
formulas (1) and (2) it follows that the representation 


(R.A, h) = joes 
Aon {-—zZ 
is valid for each nonreal z and each h eH. We define 
| ] ] j : 
w (fa) = {obs + 8) — fet —8) +40 GS + ig) — 3 o(tsf— ig), 


and we find that, for each nonreal z and every /, g € H, 
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(dw (0; f, 
(3) 1 ee 
' ees 
Here w (t; f, g) is a complex-valued function of bounded variation equal to 
zero for f = — co and continuous from the left at each point t> — o. Itis 


not difficult to verify that under these normalization conditions, the integral 
representation (3) is unique. In fact, otherwise there would exist a complex- 
valued function of bounded variation 


o(t)=a(t) + iB (t) 


for which 
(4) do ) 0 
Bc LZ 
for every nonreal z. Then, by (4), 
do () — 0, 
= | eae’ 
or 
(4’) do(t) _ 9 
SZ 


-@ 


A comparison of (4) with (4’) shows that for every nonreal z 


fda) (BO _o 


LZ LZ 


But from theorem (3) of Section 59 and the normalization conditions it 
follows that 


a(t) = B(t) = 0. 
Now that the uniqueness of (3) is established, it 1s easy to prove that 
(5) w(t fg)=o(t 38s), 


and 
w(t; af, + as fo,g) = a (t; fi, g) + a2 w (t; fa, g). 
We show next that 
w(tsff) Ss (Lf). 
Then it will follow from the theorem in Section 20 that w(t; f, g) is a 
bilinear functional of f,g with norm not exceeding unity. We already 
noted that 
VICRy fA) SS) (W> 9), 


or, equivalently, 
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| [eb < (LS). 


We split the integral into three parts and find that 
A 

(= (tS) 

t—ly 


SLA) + | doLN + | doGsP). 


Let y ~ o to obtain 
[aot SGN + [doch + [ do(eLS. 


Now let A — © to get 
w(osff) $ (LS). 


Since w (t;/, g ) is a nondecreasing function of t, the inequality 


w(GhS) S(LS) 
is proved. 


By the theorem on the general form of a bilinear functional, there 
exists a family of operators E,(— oo S$ t S$ o) such that 


w(t; f, 8) = (ES, 8). 
From the relation (5) it follows that 
(Ef, g) = (f, E,g), 
i.e., the operator E, is self-adjoint. Further, the function (E, f, /) isa non- 


decreasing function of ¢. 
These considerations yield the equation 


(Rg) = | ——dES2) 


which 1s valid for arbitrary f, g ¢ H and each nonreal z. From this equation 
it follows that 


foo) 


6) (Rf, Reg) = [ — (ES, Re) 


~ © 


and, on the other hand, 


(RJ, Ris 8) = (ReRL8) = 5 ((ReL8) — (RL8)} = 


Sy ey t—z' ¢t-—z 


-@ 


f(s 7h) ees fgagyam ate 
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And so, besides representation (6), we also have the representation 
re 
(Rf, Ry 8) = | —— 44 | | dG) 
t—z | J s—z 


-@® -@ 


These representations must agree. Therefore, 


[ La@ha) = ES Res) = (REL) 


or 
+ _fl 
| ’ d(E,f, g) ~~ F d(E,E, f; g). 
S—Z a S—Z 


Since these representations are identical, 
(E.f,g) =(E.E,f,8) (80). 


EE, =, (s = min {u, v} ), 


It follows that 


which implies that 
E. & E, (s S ft). 
From the normalization conditions of the function w (t;/f, g) it 
follows immediately that 
E_,. =9, E,-o = £, 
first in the sense of weak, and second in the sense of strong convergence. 
Furthermore, the strong limit 


lim FE, = BE, 
t—> 0 
exists. We prove now that 
E. = E, 
from which it will follow that E, is a resolution of the identity. Let 
E-—E, =F. 


Then 
FE, =(E—E,)E, =E, —\imE,E, = E, — E, = 9. 


S—> 00 


Hence, for every f, g € H, 


cO 


(RFF, 8) = [ A (EF, g) =0. 


This implies that, for every fe H, 
R,Ff = 0. 
Therefore, 
Ff=0. 
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Hence, F = 0, which was to be shown. 

The representation derived for the resolvent R, of a self-adjoint 
operator A is also an illustration of the general representation of Section 
63, which refers to operator integrals. This representation can be written 
in the form 


R, ={ gp - 720): 


We propose that the reader verify that each of the operators E, re- 
duces the resolvent R,, where z is an arbitrary nonreal number, i.e., 


E.R, = R.E, 


66. The Integral Representation of Self-Adjoint Operators 


From the general considerations of Section 63, we obtain, as a parti- 
cular case, the following theorem. 

THEOREM |: To each resolution of the identity E,(— © St S o) 
there corresponds a uniquely defined self-adjoint operator 


(1) B= i 1dE,. 


~ © 


The domain D, of this operator is the set of all vectors f for which the 
inequality 

[eds <0 
is satisfied. The left member of this inequality is equal to \\ Bf ||. 

The basic problem of the present section is the proof of the converse 
proposition. For the purposes of this proof, let _A denote a given self-adjoint 
operator and let R, denote its resolvent. According to the theorem of the 
preceding section there is a resolution of the identity which corresponds 
to A. We shall prove that this resolution of the identity belongs to the 
operator A in the sense that it generates A in the way indicated by Theorem 
1. The first step of this proof is the following lemma. 

LemMMA: If E, (— oS t $0) is a resolution of the identity which 
belongs to the resolvent R, of a self-adjoint operator A, then the set of all 
vectors fe H, for which inequality (2) holds coincides with the domain D, 
of the operator A. 

Proof: We know that the vector f = R,h runs through D,, when the 
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vector / runs through H and z is any fixed nonreal number. We take z=i 
and, for brevity, write 


R, = R, R_,; = R*. 
Our proposition will be proved if we verify the equivalence of the following 


two assertions: 
a) The element f has the property 


00 


[ esn ae, 


-~ @ 


B) There exists a vector h such that 


f = Rah. 
We prove first that 8 implies a. Therefore, let 
f = Rh. 
Then 
(E, f,f) = (E.R, Rh) = (REA, Rh) = (R*RE, h, h) = 
= eR— Ry Em =2 | (=— =.) 4E,E A, t) = 
21 2i ce s—i Sti 
 Y 
= d(E,h, h), 
i 1+s5? E44) 
and, hence, 
M M : M 
{ rd(Ef,f) = | , Y_d(Ejhh) s | d(E,h, h) < (h,h). 
-M —-M ae ~M 


This inequality shows that 


io @) 


| Pd(E Sf) < (hh) < ©, 
so that assertion a is proved. 
Now we prove that a implies 8. Assume a. This implies that the vector 
f belongs to the domain of the operator B which was defined in Theorem I. 
Let 
h = (B — iE)f. 
Assertion 8) will be proved if we verify that 
R(B — iE) f =f. 


For an arbitrary vector g e H, we have the equations 
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(R(B — iE) f,8) = [ +d (E(B — iE) f. 8), 
and ~ 
((B -iE)f, Eg) = | (6 —)4(ES, Ea) = | (s — D4 EL). 


Therefore, 


ce 


(R(B — iE) f,g) = | “dE he) = (Le) 


- @ 


Since g is arbitrary, 

(3) R(B—-iE)f=f. 

THEOREM 2: The resolution of the identity E(— © S$ t S$ ©) deter- 
mined by the resolvent R, of a self-adjoint operator A is the resolution of 
the identity which belongs to the operator A in the sense that, first, D4, is 
the set of all vectors f for which 


oe) 


| Pd ELD < ©, 


- @ 


and, second, for any fe D, 
Af = | 1dE, f. 


Proof: We construct the operator B, which corresponds, in the sense 
of Theorem 1, to the resolution of the identity determined by the resolvent 
R, of the operator A. By the lemma, D,=D,. Hence, it remains to prove 
that the equation 


(4) Bf = Af 
holds for each fe D,. But, in Section 44, it was shown that the equation, 
R,g = 0, 


with z nonreal, is satisfied only for g = 0. Therefore, instead of (4), it 
is sufficient to prove that 
RBf = RAf, 
or 
R(B — iE) f = R(A — iE)/f. 

This equation holds since the left side equals f by (3) and the right side 
equals f by the definition of the resolvent. 

THEOREM 3: The resolution of the identity E{— os t < «) belongs 
to the self-adjoint operator A if and only if 
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1° E(4) reduces the operator A for any interval 4 < [~—, o], 
2° the relation 
fe(E£, — E,)H (-woSs<t¢S ow) 
implies the inequality 
sfIP SCASS) 8 CIS ll. 
Proof: The necessity of condition 1° was noted earlier. The necessity 


of condition 2° follows from the representation 
t 


(46,9) = | ELS), 


which is valid for fe (E,— E,) H. 

We turn now to the proof of the sufficiency of the conditions. There- 
fore, assume conditions 1° and 2° and choose an arbitrary element fe D,. 
By condition 1°, (E,—E,) f belongs to the domain D,, for any a and 8. 
Supposing that a and f are finite, we form the partition 


(5) a=) <a) < ey = tae = Oru <n — 8 
of the interval [a, 8], and we represent (E;—£,) fin the form 
n-1 
(E, a EJ\S= 2, (ea E) J. 
By |°, 
n~1 
(6) (Ez ~~ E.) Af = 2A (En | EL) S. 
It follows from condition 2° that, for fe (FE, —E,) H, 
t ee 
U6 s (4f- Sts) s Su. 


In other words, the restriction of the self-adjoint operator 
stl E 


A 


to the subspace (E, — £,) H has norm s a *. Therefore, we write (6) 


in the form 


n-1 


(1) (Ey—E)Af= > AEE, Ea) S + 
n-1 
" a (4 eons E) (E,,., - Ef, 


k=0 
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and note that 


n-1 2 
a, + a,, 
(4 — SAS ge] (Bag Ey. = 
k=0 
n-l 
— 2 
s> (a) (Ex. Ea, dfie s elise, 
k=0 


where 
€ = max Ck+1 OK . 
k Z 
In (7), let the diameter 2¢ of the subdivision (5), tend to zero. This passage 
to the limit yields 


B 
(E, — EAS = | aE, f, 


and 
B 


| (E, — ED Af |? = | rd (ES, f). 


a 


The second of these relations shows that 


ioe) 


[ Pd BLS) = WAP IP < @, 


- @ 


and the first gives 
Af = | 1dE, f. 


Therefore, the theorem is proved. 

In the derivation of the integral representation of the resolvent of a 
self-adjoint operator (Section 65) we used only the fact that R,(3z 4 0) 
is a family of operators, defined everywhere in H, which satisfy the follow- 
ing conditions: 

F l 

l | RFI S— Ifill & =z). 

ly | 

2 RE = R;. 

3° oR, — R, =(2' — 2) R,R,. 

4° If R, f=0 for any z, then f=0. 

Now we can assert that every family of operators, which satisfy these 
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conditions is the resolvent of some self-adjoint operator.’ Indeed, having 
such a family of operators, we can find its integral representation by some 
resolution of the identity E,, and then construct a self-adjoint operator 
A with this resolution of the identity. The resolvent of this operator A is 
the family R,. 

Completing the present section we mention several simple facts about 
self-adjoint operators which are immediate consequences of the integral 
representation of these operators. 

1° ‘If A is a self-adjoint operator for which 


inf (ALS) = a, 

eae 
(Aff) _ 

On. 


then the integral representation of A has the form 


B 
AS i 1dE,, 


E,=0 (fort S a), 
E,=E (fort 2 8). 
2° In order that a vector fe H admit the n-fold application of the 
self-adjoint operator A, 1.e., in order that 
A* f= A(AK'Sf) (al (ey ae 79 
have meaning, it 1s necessary and sufficient that the inequality 


0 


| PE ff) < © 


be satisfied. If this inequality is satisfied, then for k=1,2,...,n 


ie 6) 


A= [Mde,f, | ALI = | PACES S) 
3° There exists a linear manifold dense in H which is in the domain 
of every positive integral power of the self-adjoint operator A. One such 
manifold is the set of vectors of the form E (4) h, where / runs through 
H, and 4 runs through the set of all finite intervals on the real axis. 
The proof of these assertions we leave to the reader. 


® This fact can be established without the use of the integral representation of the family 
of operators Rz. If one uses only properties 2°, 3°, 4°, then it is easy to show that the operator 
A defined by the equation A = zE+ R;! does not depend on z, is self-adjoint, and its resol- 
vent is Rz. Thus, it is revealed that property 1° is a corollary which need not be assumed. 
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67. The Cayley Transform 


In the present section we give another construction of the integral 
representation of a self-adjoint operator—a construction which is based 
on the so-called Cayley transform. 

Let A be a closed symmetric operator and let z be a nonreal number. 
Let A run through D, and let 


(1) (A—ZE)h=f, 

(2) (A — zE)h = g. 
The vector f will run through some linear manifold F, and the vector g 
through some linear manifold G. We prove that F and G are closed and, 
hence, are subspaces of H. With this aim, we assume that 

fn =(A —ZE) In (4 = 1; 2,354.44), 

and 

(3) Sn >f 
If z =x + iy, where y 40, then 

Tn =(A — XE) ha — iyha, 
which yields 
Fn —Smll? = (A — xE) (A, — h,,) |? + y? lA, — All? 
Therefore, from (3), it follows that 
lim (A — xE)hn and lim hn 


exist. We denote the second of these limits by /# and use the fact that A 
is a closed operator to conclude that 


f=(A — xE)h + iyh =(A —-ZE)J|N. 
Hence, fe F, so that the manifold F is closed. Analogously, it is proved 
that G is closed. 

By means of relations (1) and (2), the manifold D, is mapped in one- 
to-one manners onto F and G, respectively. Therefore, for each f € F there 
is one and only one element 4 € D, which satisfies relation (1). Having 
found this element h, we determine the element g by formula (2). Thus, to 
each element fe F is associated a unique element g é€ G, i.e., we have an 
operator V with domain D, = F and range 4, = G: 

SV, 
It is easy to see that V is an isometric operator. Indeed, it is linear and 
WF? = (A — xE) A? + yp? IA IP, 
lg l? = (A — xE)A |? + y? Ih II. 
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The isometric operator V is called the Cayley transform of the symmetric 


operator A. 
Let z = 7. Then equations (1) and (2) have the form 
(1’) (A + iE)hA =f, 
(2’) (A —iE)h=g = Vf. 


From these relations it follows that 


h=>-(f-s)=5. E-VS 
l 
Ai s(f+8)=5 (E+E 
Therefore, 
(4) Ah = (E+ V)(E—V)"h. 


Thus, the symmetric operator A is expressed in terms of its Cayley trans- 
form V. 
Especially important is the case when V is a unitary operator. 
THEOREM: Let the Cayley transform of a symmetric operator A be a 
unitary operator U with a resolution of the identity F(O Ss S27). If 


S 
| ee ae (: =— cots } : 


then the domain D, of A is the set of all vectors h for which 


| td (Eh, h) < ©. 


The operator A has the integral representation 


Ah = | 1dE,h. 
Proof: LetheD, and f be the element which corresponds to h by 
the mapping (1’). Then 


—lop_ 
re U)f. 


In this case, 


(5) Fh => (E- nes-hfa- — ed (EFS) = 


=~ [-en@ Fs 
21. 
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and 
(Fh, h) = FUE U} Bf {E- US) = 
=7({E-U"}} {E-U} FLA) = 
6) =7(QE-U-U YESS) = 


=4 j Q—e ed (EELS) = 


= { sin? 2d(F,L,f): 
On the other hand 
l l is 

(7) Ah = =(E+ fag] + ears 
and 

ARP = LE + UNS E+ UN =1(QE+ UF USN = 

(8) : 2n , 

a a sUE SS). 


A comparison of (6) and (8) reveals that 
27 2 


| AA |? = { cot® = sin?> d(F, Fz { cot? = d (Fh h). 
0 0 


In the same manner it follows from (5) and (7) that, for each h’ € H, 
2a 


ne pre 
(Ah, h’) = footy 4A, 19, 


We now let 
t=— cot =, E, = F,. 
2 


Then E£, is a resolution of the identity in the interval [— 0, oo]. IfheD,, 
then 


(9) { td (Eh, h) < © 


- @ 
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and 


(10) Ah = | tdE,h. 
In order to complete the proof of the theorem, it remains to prove 
that if 


fo a) 27 
(11) { td(E,h, h) = | cot? d(Fh, h) < 0, 
- © 0 


then he D,. Therefore, assume that (11) holds with a particular element 
h. Then the operator 


0 sin — 


is defined for the element h. Let 
27 
— few? *_draas 
0 sin ~ 
Then, for each h’ eH, 
22 
— fe? 7 d(FA, hy = (GA). 


0 sin — 


2 
Setting 
A! = — (E~ Uf", 
21 
we find that 
I ' “ps 
(“EB -U)LS’) <4) =-} if (Fh, {E— U3} f') = 
sin ~ 
2 
27 
I s 
=-> fa eaenry= fac f=. 
‘> sin = 
2 
Since /’ is arbitrary this implies that 


== (E- U)f. 


In other words, the element / has a representation, which implies that it 
belongs to D,. 
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Since the Cayley transform of a self-adjoint operator is a unitary 
operator, it follows from the theorem that every self-adjoint operator has 
an integral representation, which fact we also obtained in the preceding 
section. 

But the proof of the theorem yields another fact: If the Cayley trans- 
form of a symmetric operator A is a unitary operator, then A is a self- 
adjoint operator. Indeed, from the theorem it follows that the operator 
A has the representation (10) and is defined for all the elements A for 
which inequality (9) holds. By Theorem 1 of the preceding section, such 
an operator is necessarily self-adjoint. 


68. The Spectra of Self-Adjoint and Unitary Operators 


Let E, be a resolution of the identity. Without loss of generality we 
suppose that E, is defined for — oo $ t S$ «. Indeed, if E, is defined origin- 
ally for t € [a, 8], then we can extend the definition by letting E,=£ for 
t2fand E,=Ofort Sa. 

We call the point ¢t a point of constancy of E, if there exists an e > 0 
such that 

| rT a E,-.= 0, 
and a point of growth otherwise. Furthermore, we call the point ¢ a jump 
point if 

E40 — £,A 0, 
and a continuity point if 

E.,o — E, = 9. 
Continuity points which are also points of growth we call points of con- 
tinuous growth. 

Let E, be the resolution of the identity of a self-adjoint operator A. 
We prove that 

(a) A real number A is a regular point of A if and only if A is a point 
of constancy of E,. 

(b) A real number A is an eigenvalue of A if and only if A is a jump 
point of £,. 

In order to prove assertion (a) we use the equation 


(Q) (A ASR = [O- DAES, 


which is valid for fe D,. If A is a point of constancy of E,, then the func- 
tion (E, f, f) is constant in some neighborhood of the point A. Let « be 
the radius of this neighborhood. Equation (1) yields the inequality 
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(4 — ABD sIPz f+ [ O-AM EL 2 ALD, 


- © Ate 


from which it follows that A is a regular point of A. 
Conversely, if A is a regular point, then, for some « > 0 and every 


feDs,, 
(A — AE) FIL 2 € WF IL 


and this implies that, for fe D,, 
(2) [O-ydELA 2 &[ ELS. 


Let us assume that A is not a point of constancy of £,. Then there exists 
an element g and a positive 7 < « such that 


(Ex 4, _ EF) -)8 F 0. 
Applying inequality (2) to the element 

f= (Ex 45 — E, _,,)&; 
which is known to belong to D,, we get 


A+n A+” 
| @ —a-d(Eg, 9) 2 &f d (Eg, 8). 
A-7 A-7 


Since this is obviously false, assertion a) 1s proved. 
We proceed now to the proof of assertion b). Let A be an eigenvalue 
of the operator A and let f be an eigenvector associated with it. Then 


0 =||(A — AB) S|? = { (t — rd (ESS). 


This equation shows that the only point of growth of the function (E, f, f) 
can be the point t = 4. Since 


04(LS) =| dELS), 


the point ¢ = A is definitely a point of growth. But an isolated point of 
growth is a jump point. Therefore 


(Exi0off) ACESS), 


and, consequently, 
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| re a Oe 
Conversely, let A be a point such that 
Ey .0% £). 
This implies that for some vector g 
(Frio — Eg =f. 
The vector f belongs to D, and 


(A — AB) SIP = | (1 — DELS). 


But the function 
(EAS) = (EtFar.0 — Eij8.S) 
is equal to zero for t < A and does not depend on ¢ for t > A. Hence, 
| (A — AE) fll = 9, 


1.e., A is an eigenvalue of the operator A. 

From the propositions (a) and (b) it follows that each point of con- 
tinuous growth of the resolution of the identity of a self-adjoint operator 
belongs to its continuous spectrum. 

A trivial consequence of our considerations is that the spectrum of 
each self-adjoint operator is nonvoid. 

Turning now from self-adjoint operators to unitary operators we 
recall that every eigenvalue of a unitary operator has absolute value unity, 
i.e., each has the form e” where 4 is called the eigenfrequency of the unitary 
operator. The equation 


Uf = erry 
holds for each integer k if f is an eigenvector associated with the eigen- 
frequency A. Let U, (— © <s < o) be a continuous group of unitary 


operators. In this case A is called an eigenfrequency of the group of oper- 
ators if an element f 4 0 (an eigenvector) exists such that, for every real s, 


Uf = ef 

We now prove that: a real number X is an eigenfrequency of a unitary 
operator U (respectively, a continuous group of unitary operators U,) if and 
only if X is a jump point of the corresponding resolution of the identity. 

For definiteness, we consider the case of a group of unitary operators. 


Let A be an eigenfrequency of this group and let / be an associated eigen- 
vector. Then, for each real s, 
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U, f — ef = 0. 
But since 
Oe" 2) fF = QU ae ME}. U, =e" 2} if) = 


= ({2E —eU_, —e US Ff) = 


=e Je — elSA-9) _ e SO-D) AE ff) —_ 


= [asin UES), 


the only possible point of growth of the function (E, f, f) is t = A. This 
must be a point of growth, since otherwise the relation 


OAS) =[dEL 


would not be possible. Hence, 


(Ari oAf) ACESS) 
and 
Exo % £). 
We remark that the role of the non-negative factor (A — ¢)? in the case 
of the self-adjoint operator is played now by 4 sin? aoe Other than 


this, there is no difference in the proof. We refer to the second part of 
the assertion and also to the following proposition: the point A is a point 
of constancy of the resolution of the identity of a unitary operator U 
(respectively, a group of unitary operators U,) if and only if e** for any 
integer k (respectively, efor any real s) is a regular point of the operator 
U* (respectively, of the operator U,). 

Since the resolution of the identity EF, of a self-adjoint or unitary 
operator completely determines the spectrum of the operator, one often 
calls E, the spectral function. 

Whether or not a given point A belongs to the spectrum of a self- 
adjoint operator A is determined by the behavior of its resolvent R, for z 
in the neighborhood of the point 4. The circumstances are contained in 
the proposition: a real point does not belong to the spectrum of a self- 
adjoint operator A, and hence, is a regular point of this operator if and only 
if, for each fixed element f € H, the function (R, f, f) 
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1) is regular for z in some neighborhood of the point >, and 

2) takes on real values in some interval XA—8 <t <A+6. 

The necessity of these conditions follows immediately from the integral 
representation of the resolvent and assertion a) of the present section. The 
sufficiency follows from the Stieltjes inversion formula (cf. Section 59) and 
assertion a) of the present section. 

In the following section we shall become acquainted with a class of 
operators for which the above conditions need to be verified only for one 
(specially chosen) element /. 


69. The Simple Spectrum 


In linear algebra and the elementary theory of integral equations, the 
spectrum of an operator is called simple, if the multiplicity of each eigen- 
value of this operator equals one. This definition does not apply to arbitrary 
operators in Hilbert space, since in general the set of eigenvalues of an 
operator does not exhaust its spectrum. We make the following definition. 

DEFINITION: The spectrum of a_ self-adjoint (respectively, unitary) 
operator is called simple if there exists a vector g € H (generating vector) 
such that the linear envelope of the set of vectors E(4)g, where 4 runs 
through the set of all intervals on the real axis (respectively, the segment 
[O, 27] ) is dense in H. 

By this definition the spectra of 4 self-adjoint operator and of its 
Cayley transform are simultaneously simple or not simple. In addition, 
from the given definition it follows that in a nonseparable space a self- 
adjoint (unitary) operator cannot have a simple spectrum. 

For operators, which occur in linear algebra and the elementary 
theory of integral equations, it is characteristic that the linear envelope 
of the set of all eigenvectors of these operators coincides with the space, 
or in any case 1s dense init. It is not difficult to show that for an arbitrary 
self-adjoint (or unitary) operator in H, which possesses these properties, 
the new definition adopted above for the simplicity of the spectrum is in 
complete accord with the elementary definition mentioned at the beginning 
of the present section. This fact can be regarded as a justification of the 
general definition. 

We consider as an example the multiplication operator? Q in L? 
(— «, oo) (cf. Section 48). The spectral function £, of this operator is 
defined by the equation 


EA4fO=x(NfO  (f(€L)), 


* For simplicity we write Q instead of Q.. 
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where yx, (¢) 1s the characteristic function of the interval 4. In order to 
ascertain this it is sufficient to recall Theorem 3 of Section 66. The oper- 
ator Q has a simple spectrum. Indeed, let us take a step function g (f) 
which satisfies the conditions 


g(t)=a>0 (k—-1<t<hbk, 


De) —2(k-14+0)} <a, 


This is a generating function for the operator Q in the sense of our defini- 
tion. Hence, the linear envelope of the set of functions E (4) g (1) coincides 
with the set of all step functions which are equal to zero outside of some 
interval, and this set is dense in L3(— «©, ) (cf. Section 42). 

It is evident that a function g(t) € L;(— «, «) which is equal to 
zero on a set of positive o-measure, cannot be a generator for the operator 
QO. 

For a generating element one may take any function g (1) e L2(— , 0), 
which is distinct from zero everywhere with the possible exception of a set 
of zero o-measure. For the proof of this assertion it is sufficient to establish 
that any function f(t) € L:(a, b) can be approximated with any accuracy 
by products of the form g (t) q (t), where g (ft) is a step function: 


(1) [1f0 -— 890 Pde <e. 


We introduce the space L; (a, b), where 


(2) p() = | 1g) Pade(). 


(i) 
g (2) 


Since the function belongs to L? (a, b), there exists a step function 


q (t) for which 


flee a() | de) <e. 


After the replacement of p (t) according to formula (2), we obtain (1). 
THEOREM |: Jf the spectrum of a unitary operator U is simple and g 
is a generating element, then the linear envelope of the vectors U*g (+k = 
0,1, 2,...) is dense in H. Conversely, if there exists a vector g such that 
the linear envelope of the vectors U*g(+k =0,1,2,...) is dense in H, 
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then the spectrum of the operator U is simple and the vector g is a generating 
element. 

Proof: Let the spectrum of the operator U be simple and let g be a 
generating element. Assume that the linear envelope of the set of the 
vectors Ug (ik =0,1,2,...) is not dense in H. Then there exists a 
vector h ~ 0 for which 


(U*g,h) = 0 (+k =0,1,2,...). 


From the integral representation of the unitary operator U it follows that 
27 
| eta (Be, We CERO... 
0 


These equations and the uniqueness theorem yield 
(E.g,h)=0 (0 St S 2z). 


This implies that the vector h is orthogonal to each vector of the form 
FE (4) g. But this is impossible, since g is a generating element. Thus, the 
first part of the theorem is proved. 

The second part is proved very easily in the same way. 

THEOREM 2: (The canonical form of a self-adjoint operator with a 
simple spectrum). Let A be a self-adjoint operator with a simple spectrum, 
g be a generating element, and o (t) = (E,g, g). Then the formula 


f= (r (t) dE,g 


associates each function f(t) € L5(— ©, ©) with a vector fe H, and this 
correspondence is an isometric mapping of L:(— oo, «) into H. It trans- 
forms the domain Dg < L3(— ©, ©) of the multiplication operator Q in 
L?(— co, 0) into the domain D, < H of the operator A. If the element 
f¢D, corresponds to the function f(t) € LZ (— 0,0), then the element Af 
corresponds to the function tf (t). 

Proof: We denote by G the set of all vectors of H which can be repre- 
sented in the form (3). Since G is a linear manifold which contains all the 
vectors of the form 


xa) dBg = E(4) g, 
Gis dense in H. If (t) belong to the set K which was introduced in Section 
63, then 
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(Eg.f) = | M4, Ex, Eg) = [Fd (Es, 8) 


and 
(1) = [sd Ea.) = | IFO Pd (Es, 8) = | I/O Pde. 


Thus, a linear manifold which is dense in L*(— ©, 0) is transformed 
isometrically by (3) into a linear manifold which is dense in G. Therefore, 
the completeness of L7(— co, «) implies that G is closed and, hence, G 
coincides with H, so that the first part of the theorem is proved. 

In order to prove the second part of the theorem, we allow f(t) to 
run through the set of all continuous functions which are equal to zero 
outside of a finite interval. If f(t) is such a function and fis the vector in 
H which corresponds to it, then fe D, and by (3), for each 4 € H, 


(Af, h) = faces h) = f td(f, E,h) = f td | {169 d(E,g, E,h)} = 
(4) or - 
=| tal | 6) Eg, —)| = | fd Es.h. 


It follows that 


(5) Af = | if dg. 
We let in (4) - 
h=Af, 
and get 
(6) i Af = | ef Pde (O, 


-@ 


Recalling the definition of an operator represented by a Lebesgue- 
Stieltjes integral, we conclude from formulas (5) and (6) that an arbitrary 
function f(t) € L;(— 0, 0) belongs to the domain Dg if and only if fe Dy. 
We see also that the application of the operator A to the vector fcorresponds 
to the multiplication of the function f(t) by ¢. 

By the theorem just proved, each self-adjoint operator with a simple 
spectrum in a separable space is isomorphic to the operator of multi- 
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plication by the independent variable in L5(— 0, 00). The latter will be 
referred to as the canonical form of the operator A. 
This isomorphism determined by 


(3) f= | sabe 
implies that ~ 
3’) E(4) f= | f() dEg 


first for continuous functions f(t) which are equal to zero outside of a 
finite interval, and then for arbitrary f(t) e¢ L3(— «, 00). Choosing in (3) 
distinct generating elements g, we obtain an entire class of multiplication 
operators which are isomorphic to A. In the following section we charac- 
terize all distribution functions o (t) = (E.g, g). 

Here we note one general property of all generating elements g: every 
point of growth of the spectral function E, is a point of growth of the 
function (£,g, g). The validity of this assertion follows from the fact that 
if 4) is an interval of constancy of the function (£,g, g), then the linear 
manifold consisting of all the vectors E (4) g, where 4 runs through the 
set of all real intervals, is orthogonal to the subspace E (4) H. 

Let us recall the criterion given at the end of the previous section for 
a point A to belong to the spectrum of a self-adjoint operator A which has 
a simple spectrum. In view of our present considerations, it 1s sufficient 
to verify this criterion for any one generating element. 

We complete the present section with a proposition concerning self- 
adjoint operators which is the analogue of Theorem I. 

THEOREM 3: Jf a self-adjoint operator A has a simple spectrum then 
there exists a vector h such that A*h is defined for k = 0,1, 2,... and 
such that the linear envelope of this set of vectors is dense in H. Conversely, 
if there exists such a vector h, then the spectrum of the operator A is simple 
and the vector h is a generating element. 

Proof: The proof of the second part is very simple. Indeed, let the 
linear envelope of the set A*h (k = 0, 1, 2, ...) be dense in H. The integ- 
ral representation 


co 


(Ah, f) = { t'd (Eh, f) 


-@ 


shows that there does not exist a vector f 4 0 which is orthogonal to E,h 
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for all t. Hence the linear envelope of the set E (4) / is dense in H, so that 
the spectrum of the operator is simple and / is a generating element. 

Turning to the first part of the theorem, we prove that the vector h 
can be taken as 


where g is some generating element of the operator. In this case, 

Ah = { te-"dEg  (k =0,1,2,...). 
If there exists a vector f 40 which is orthogonal to all the vectors A*h, 
then 


© 


| Hef ae ()}=0 (k =0,1,2,..), 


- © 


where o (t) = (E,g, g) and 


(7) 0 | IS [de () < @. 
Letting “ 
(8) 0 () = |S) da(s) —¢, 


with a suitable choice of the constant C, we find that 


[ Hear) dt=0 (k=0,1,2,..,). 


Since the system of Tchebysheff-Hermite functions is complete, it follows 
that w (t) = 0, which by (7) and (8) reduces to the contradiction 


0% [ISO Pda () = | f@dw(o =0. 


-@ - © 


Orthogonalizing the sequence of vectors {A*h};°, we get an orthonormal 
basis {e,}5° all elements of which belong to D,. Obviously, for i> k 4+ 1, 


(Ae,, é;) = 0, 


and, since the operator A is symmetric, this equation holds also for i<.k —1. 
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Therefore, the matrix ((Ae,, e;) )7,-9 Of the operator A relative to the 
basis {e,}>° is a Jacobi matrix. It is necessary to note that, in general, the 
constructed basis is not the basis of the matrix representative of A in the 
sense of Section 47. 


70. Spectral Types 


A distribution function is any left continuous nondecreasing function 
of bounded variation which is defined on the whole real axis. If o (ft) is 
such a function, then o (4) = o(t”) — a(t’) (t' and ¢’ are the end points 
of 4) is an additive interval function. (We also use the name distribution 
function for o (4).) 

Let us agree to say that a distribution function o(f) is inferior’ to 
the distribution function p (t) and write 


(1) a(t) <p (t) 


if o (t) is absolutely continuous with respect to p (¢), 1.e., if for any 4 ¢ 
[— CO, 00 | 


o(4) = | ede, 


Aa 


where ¢ (f) is a p-measurable non-negative function. 

If simultaneously with (1) 

(2) p(t) <o(?) 
holds, then the distribution functions o (t) and p(t) are said to be of the 
same spectral type. If (1) holds but (2) does not, then we say that the 
spectral type of o (f) is less than the spectral type of p (1). 

Now let A be an arbitrary self-adjoint operator and E, be its spectral 
function. The function (E£, f, /), it is evident, is a distribution function in 
t for each fixed fe H. We call the spectral type of the function (E, f, /) the 
spectral type of the element f (with respect to the operator A). We say that 
the spectral types of the elements f belong to A. If among the elements 
f¢H there exists an element g of maximal spectral type with respect to 
A (i.e., an element g such that (E£, f, f) < (£,g, g) for all fe H), then we 
ascribe this spectral type to the operator A. 

If A is a self-adjoint operator with a simple spectrum, then there exist 
elements of maximal spectral type with respect to A. This follows from the 
next theorem which, at the same time, gives the answer to the question of 


10 Translator’s Note: Inferior has the meaning of ‘‘less than” in the partial ordering de- 
fined by the concept of absolute continuity. 
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the preceding section about the characterization of the set of generating 
elements of an operator with a simple spectrum. 

THEOREM 1: Let A be a self-adjoint operator with a simple spectrum. 
In order that an element g be a generating element it is necessary and sufficient 
that g is of maximal spectral type with respect to A. 

Proof: Let g be a generating element and / an arbitrary vector of H. 
In this case 


f= {ro deg, 


where f(t) is some function of L2(— c, 00) and a(t) = (Eg, g). 
Furthermore, for each interval 4 c [— o, o], 


-@& 


E(AS=| SO dEg = | xO f(0 aE. 


Thus, under the mapping of H into L2(— 00, «) determined by g, the vec- 
tors fand E (4) fcorrespond to the functions f(t) and y,(t) f(t). Since the 
mapping is an isometry, 


(EMSS) = [IS Pxa aol) = [ FO Mao (0, 


Therefore, 
(E,f,f) < (Eg, 8), 


so that the necessity 1s proved. 
Let us assume now that g 1s an element of maximal spectral type, so 
that, for each fe H, 
(E, ff) < (Eg, 8). 


In particular, this relation holds for the generating element g 5, (which the 
operator A possesses since its spectrum is simple), 1.e., 


(E,80; So) < (E.g, 8). 
On the other hand, by the first part of the theorem, 
(E.g, 8) < (E80; 80). 


Thus, the elements g and g, are of the same spectral type, which implies that 


a (4) = (E(4) 8,8) = | p%(1) doo (0), 


(4) = (E (A) 80, 80) = | pile) do (0, 
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where the functions p(t) 20 and p,(t) 2 0 belong respectively to 
Li(—o, 0) and L3(—, «). These equations imply that the sets of 
zero o-measure and zero o,-measure coincide. In addition, it is not diffi- 
cult to see that 
P(t) pt) = 1 

everywhere except a set of zero o-measure. Therefore, each of the functions 
p (t) and p,(t) can equal zero only on a set of zero o-measure. 

We must prove that g is a generating element for the operator A. In 
other words, we must show that the equation 


(E (4) g,h) =0 


is satisfied for every 4 < [— a, o] only when = 0. But, by the isomor- 
phism between H and L>,(— ©, 0), 


(E(4)8,h) = | g (Dh dod, 


where g (1), h(t) € L3,(— , 0) and | g(t)| = p(t). Hence, if g is not a 
generating element then, for some function h(t) € L3(— ©, 0) and for 
arbitrary 4 < [— a, o] 


[ sOA@ do = 0, 


or, equivalently, 


|p (t) ho(t) dot) = 0. 


This is impossible, since the linear envelope of the set of functions 
Xa(t) p (t), as we showed in the previous section, is dense in L>,.(— 0, 00), 
since the function p (t) 2 Ocan be zero only on a set of zero oo-measure. 

In connection with the theorem just proved the question arises: Is it 
possible to represent, in the form (E, f, f), every distribution function of 
a type which does not exceed the spectral type of A. An affirmative answer 
is given to this question in the following theorem. 

THEOREM 2: Let A be a self-adjoint operator with a simple spectrum 
and o (t) a given distribution function of a type which does not exceed the 
spectral type of A. Then there exists a vector f€ H which this distribution 
function generates in the sense that 


o(t) = (E,f,f). 


Proof: From the conditions of the theorem it follows that the distri- 
bution function o (t) can be represented in the form 
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«(4) =| e(0 4 (Eg, 8), 


4 


where g is a generating element and 9 (rf) 2 O. Let 
i {ro dE.g = [ ve (1) dE.g. 


The element f generates the distribution function o (f), since 


(EASA) = | I/O Pa(Bg, 8) = (4), 


71. The Multiple Spectrum 


If the linear envelope of the set of all eigenvectors of a self-adjoint 
operator is dense in the space, then it is natural to define the multiplicity 
(total multiplicity) of the spectrum of this operator as the maximal multi- 
plicity of its eigenvalues. 

Before we give the definition of the multiplicity of the spectrum of an 
arbitrary self-adjoint operator in H, we introduce the concept of the 
generating subspace. A subspace G is called a generating subspace of the 
self-adjoint operator A with the spectral function E, if the linear envelope 
of the union of the sets E (4) G, where 4 runs through the set of all inter- 
vals, is dense in H. 

DEFINITION 1: The multiplicity (or total multiplicity) of the spectrum 
of a self-adjoint operator A is the minimum dimension of the generating 
subspaces of this operator if A has a finite-dimensional generating subspace; 
otherwise, the multiplicity of the spectrum of A is infinite. The multiplicity 
of the operator A in the interval 4,= [t', t’] is defined as the total multi- 
plicity of the spectrum of the operator E (4,) A. 

It is easy to see that if G is a generating subspace of the operator 
E (4,) A, then for 4, < Apo, the subspace E (4,) G is a generating subspace 
of the operator E(4,) A. Therefore, for 4, < 4o, the multiplicity of the 
operator A in the interval 4, does not exceed its multiplicity in the inter- 
val Ap. 

Hence, we are justified in making the next definition. 

DEFINITION 2: The multiplicity of the spectrum of a self-adjoint operator 


11 We omit the analogous definition for unitary operators. It is evident that the multi- 
plicities of the spectra of a self-adjoint operator and of its Cayley transform coincide. 
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A ata point d is the limit as n — © of the (monotone decreasing) sequence 
= Schoen l l 

of the multiplicities of the spectrum of A in the intervals at +e]. 


It is not difficult to verify that, if A is an isolated point of the spectrum, 
then Definition 2 coincides with the definition given earlier for the multi- 
plicity of an eigenvalue. If the linear envelope of the set of all eigenvectors 
is dense in the space, then Definition | gives as the total multiplicity of the 
spectrum the maximal multiplicity of the eigenvalues. 

It follows from Definition | that in a nonseparable space the total 
multiplicity of the spectrum of a self-adjoint operator is necessarily infinite. 

In conclusion, we prove a lemma which will be used in the following 
section. 

LEMMA: Let a self-adjoint operator A have an n-fold spectrum and a 
generating subspace G. If the linear operator Ay < A is defined only on 
the linear envelope of the sets E(4) G, where 4 runs through the set of all 
finite intervals, then the operator A is the closure of the operator Ao. 

Proof: Since the relation Ay c A is evident, we must show only that 
A < Ay. With this aim we choose an arbitrary vector fe D, and let 


Si ciate E(A,) f (k =r Ll Z 3; o a) 

where 4, =[—k, k]. Since G is a generating subspace, the linear envelope 
of the sets E (4’) G, where 4’ runs through all subintervals of the finite 
interval 4, coincides with E (4) H. Therefore, the vectors f, belong to the 
domain of A, and 

Anh, = AE (4,) f = E (4,) Af. 
Let k — o to obtain 

E(4,)f—-f, E(4,) Af > Af 


Therefore, the vector f belongs to the domain of A, and 


Ay f = Af, 


AcA, 


so that the relation 


is proved. 


72. The Canonical Form of a Self-Adjoint Operator with a 
Spectrum of Finite Multiplicity 


In the present section we sketch a generalization of Theorem 2 of 
Section 69 for the case of an operator with a spectrum of finite multiplicity. 
With this aim we proceed to define the space Li(— 0, «) of vector- 
valued functions, which is a generalization of the function space L7( — 00, 00). 
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Let 
S(t) = (a(t) Pear (Mm <0; — © <t < ow) 
be a Hermitean matrix function which satisfies the conditions: 
1° for arbitrary complex é,, 
Du lenlt”) a.) E& 20 C's’), 
Zz S(—o)=0, S(t —0) = S(#). 
A matrix function S(t) defined by conditions 1° and 2° we call a matrix 
distribution function and we write S (4) in place of S(t’) — S(t’) if 4 = 
[t’, t”). 
From condition 1° it is easy to conclude that o,(t) ((=1, 2, .. . m) are 
nondecreasing functions of ¢ and that the functions o,,(t) (i, k=1, 2,..., m) 
are of bounded variation in every finite interval. 


In the construction of the space Li(— 00, o) we start with the set of 
all vector functions of the form 


x _ {xi(2), x(t), 79 9 Xm(t) ‘- 


where x;,(f) is the characteristic function of the interval 4,(k=1, 2,... m). 
Such vector functions will be called characteristic vector functions. We 
form the linear envelope R of the set of all characteristic vector functions, 
letting 


ayx(1) =e aoy'?'(1) = {aix1 (2) 7 arxt (f), ay xy (2) ea aoxe (ft), oH J. 


In terms of the matrix distribution function S(t), we define a scalar 
product. First, let 


(x(0), x1) ) = on 0 AP’), 


for vector functions of the form 
YD) = 0,..., 0, (0), 0, ... OF, 


(1) = {0,...,0, x22), 0, ..., OF, 


where x(t) and x,(t) are the characteristic functions of the intervals 
4? and 4, and then, by linearity, extend the definition of the scalar 
product to the entire system R.” 


: ‘ : » 
12 Translator’s Note: The closure of R in the norm introduced is L, (—os, 0o9). 
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The construction described does not give an analytic characterization 
of the space L3(— 00, 00). Moreover, this construction does not give us a 
justification for calling L3(— 00, «) a space of vector functions, since 
those of its elements which do not belong to R are defined only as limits 
in norm and cannot be interpreted as vector functions on the basis of their 
definitions. 

A functional analytic characterization of the elements of the space 
L2(— 0, o) can be given," in which the distribution function 


vi) = D4 o,(t) 
appears. There it is shown that the space L2(— 0, «) consists of all vector 
functions 


S() ={fd, -. fal} 


with components which are measurable and finite almost everywhere with 
respect to the measure induced by v(¢), and such that 


lim (Jul, Su) < @, 


where 
{ ifmax | fi(t)|< N, 
fy) = a 
0 otherwise. 


However, for our purpose the functional analytic characterization of 
the space L%(— oo, 0) is not necessary. We remark only that our con- 
struction of L<(— 00, 00) reveals that this space contains the vector func- 
tions with continuous components which are zero outside of a finite 
interval. Therefore, we can define on the manifold of these vector functions 


f() ={AO Ald, Ln(0)} 


an operator Q, by the equation 


Of (t) = th, th, -.-. Fat) }- 

The closure Q of the symmetric operator Q, we call the operator of 
multiplication by the variable t in the space Li(— 00, o). With the aid 
of the remark at the end of Section 67 it is easy to establish that Q is a 
self-adjoint operator. Furthermore, Theorem 3 of Section 66 enables us 


13 of., I. Kaz [1], Vol. I. 
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to obtain the spectral function E, of the operator Q. On the vector functions 


LO = SO SAD» (03 


with continuous components which are equal to zero outside of a finite 
interval, the spectral function E, is defined by the equation 


E(A)f() = DAO, xl fd), - 5 xD LAO) }, 


where x,(f) is the characteristic function of the interval 4. 

Repeating the argument of Section 69, we find that the multiplicity of 
the spectrum of the operator Q in Li(— «, 0) does not exceed the order 
m of the matrix S(7). 

Now let A be a self-adjoint operator with a spectrum of multiplicity 7 
(n < o) and the spectral function £,. Let us agree to call every basis of 
any generating subspace of the operator A a generating basis of the oper- 
ator. If g,, 2,..-.,2,,(m2n) Is a generating basis of the operator A then 
we denote the closure of the linear envelope of the set of all vectors E(4)g,, 
for fixed i, by G,. 

A basis of an n-dimensional generating subspace we call a minimal 
generating basis. It is possible to select a minimal generating basis so that 
the corresponding subspaces Gi = 1, 2,...,) are pairwise orthogonal. 
To obtain such a minimal basis g, go, ..., gn we Start from an arbitrary 
basis hy, ho, ..., hn and, letting g,= /,, we generate the subspace G,. It 
is evident that A, is not in G, (since otherwise the multiplicity would be 
less than n) and, hence, (E—Pg )he~ 0. Letting g. = (E—Pg,)ho, we generate 
the subspace G,. It is not difficult to see that G, _|.G,. We continue this 
process in order to obtain the desired basis. 

We do not presuppose that the generating basis g,, g2,..., 2, (mZ2n) 
is chosen such that the corresponding subspaces G,, G2, ..., G,, are pair- 
wise orthogonal, and we restrict ourselves only to the requirement that 
these subspaces be linearly independent. In what follows, when speaking 
of a generating basis, we shall assume always that this last condition is 
satisfied. 

It is easy to see that for any generating basis g,, 22,...,2,(nSm<o), 


the matrix function | 
S(t) = ((E,8%i5 8x) kat 


is a matrix distribution function. Thus, each generating basis defines some 
matrix distribution function. 

Now it is possible to formulate the theorem about the canonical form 
of an operator with a spectrum of finite multiplicity. 
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THEOREM: Let A be a self-adjoint operator in H with a multiple spec- 
trum of multiplicity n. Let 21, o,.--,;8&m(nN=m<o) be an arbitrary 
generating basis and S(t) =( (E,8) &) )ixa1- Then there exists an 
isometric mapping of the space H into L%¥(—, «) with the following 
properties. The domain D4 < H of A is mapped into the domain Dg < Li 
(— 00, 0) of the multiplication operator Q. If the element fé€H maps into 


the vector function f (t) ¢L5(— ©, ©), then the element Af maps into the 


vector function QO f(t). 
Proof: We associate with the vector 


(1) S=E(4)) 914+ E(42)82 +... + E(4m) Sm 
of H the characteristic vector function 
(2) I (2) = {xXa, (9, Xa, (4), -- + X4,, (O} 


of L3(— oc, 0). Then 
IF = AS) =( SEs, SE(4y) 84] = 


= QE, A Ax) 81, 8x) tl OA,) = If (0) IP. 
It is easy also to verify that to orthogonal vectors of the form (1) correspond 
orthogonal vector functions of the form (2). The extension of this corre- 
spondence by linearity and continuity to the whole space H is an isometric 
mapping of the space H into L§(— , o). It is not difficult to verify also 


that for continuous vector functions f(t) = {/,(4), ...,/,,(0)}, with com- 
ponents equal to zero outside of a finite interval, formula (3) of Section 69 
now takes the form 


fo @) 


f= > fit) dE,g,. 


We find next the vector function which corresponds to the vector Af, 
where fis a vector of the form (1). We have 


Af = [tdB,f =| dE, (So E(4) 81) =D5 f dB, =D [ txt) dB. 
i=1 i=! i=1 
-—-@ - @ 4i - @ 
If one takes into account the method of construction of the multiplication 


operator Q and the lemma of the preceding section, then the theorem on 
the canonical form is proved. 
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In Section 69 we showed that for every self-adjoint operator with a 
simple spectrum there exists an orthogonal basis with respect to which the 
matrix of the operator is a Jacobi matrix. 

Completing the present section we show that this result generalizes to 
self-adjoint operators with spectra of finite multiplicity. Let A be such an 
operator. We select a generating basis g,, 2, ... gn such that 


H = G,® G.® G3®...@® Gn (G; _L Gy, ik). 


Repeating the argument of Section 69, we get in each G, a corresponding 
Jacobi matrix 

( (Ae,;, €,x) )- 
If we select in H a particular orthonormal basis e,(s=1, 2, 3, . . .), number- 
ing the unit-vectors e,,(r=1, 2,3,...n; k=1, 2,3,...) first in the order 
of increasing first index and then in the order of increasing second index, 
1,653 


C1 = Cry, Co= Corns > + 5 ttn = Cnr 5 Cnt1 = C12, Cnt z= Co25--- 


then, with respect to the basis {e,}7, we have a generalized Jacobi matrix 
( (Ae;, e,) ). It will be of a special type since its only elements different 
from zero lie only on the principal diagonal and on the pair of nth neigh- 
boring diagonals. 
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Two operators A, and A, which act respectively in the Hilbert spaces 
H, and H, are called" isomorphic (or unitarily equivalent) if there exists an 
isometric mapping V of the space H, into H, such that 

(1) Da, = VDaz)> 
and 

(2) A, = VA,V"}. 

If the operator A, is symmetric, then the operator A, isomorphic to 
it is also symmetric. This follows immediately from (1) and (2). 

The spectra of a pair of isometric operators coincide, since (1) and (2) 
yleld 

(3) Ag, - rE, = (A2 — rE.) Dy, =(VA\V An) Dy, a 

= V(A, —AE,) Dy, =V4y, - ae. 

Moreover, it follows from the last equation that the total spectrum of A, 
and each of its parts (the point spectrum and the continuous spectrum) are 
unitary invariants, 1.e., they do not change under the isomorphic transition 


14 We repeat here the definition which was given in Section 36. 
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from A, to A,. Finally, it follows from the fact that the operator A, is 
self-adjoint that the operator A,, isomorphic to A,, is self-adjoint. 

We limit ourselves here to some remarks concerning unitarily equiva- 
lent self-adjoint operators. Let Ej, be the resolution of the identity of the 
operator A,. Let 

(4) Eo, = VEG 
This formula defines a family of bounded self-adjoint operators in H, and 
it is easy to see that E,, is a resolution of the identity in the space H,. We 
verify, for example, that 


Fo,E sy ae Eo, 
where s = min {u, v}. Hence, 
EN re — VE,,V 'IVE,,V = VE Ew V~1 = VE,V-} — | ee 


We shall prove that E,, is the decomposition of the identity of the 
operator A,. With this aim, we consider the integral representation 


ive) 


(Ai fir 8) = | td (Ex Sv 89). 


-@ 


Letting 
hi ae V' Sf, S1 = V 38>, 
we get 
(VAV-Yfy 82) = | td (VEyV "Ys, 82) 
Or : 


fe @) 


(Asfo 8) = | td (Ex fu 80). 
This is essentially what we set out to prove. 

From relation (4) it follows that the multiplicity of the spectrum (the 
total multiplicity or multiplicity at a point) also is a unitary invariant of 
the self-adjoint operator. 

If the linear envelope of the sequence of all eigenvectors of a self- 
adjoint operator A is dense in H, then the spectrum of A and the multi- 
plicity of the spectrum at each point represent a complete system of unitary 
invariants of A, 1.e., every other operator with identical spectrum and 
identical multiplicity of the spectrum at each point is isomorphic to A. 

For self-adjoint operators with arbitrary spectra, the problem of find- 
ing a complete system of unitary invariants is extremely complicated, even 
in a separable space. 
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We show next how to solve this problem in the case of an arbitrary 
self-adjoint operator with a simple spectrum. Let A, and A, be two unitar- 
ily equivalent self-adjoint operators with simple spectra acting in the spaces 
H, and H,, respectively. From the equation 


(Ex, fo, fe) (E,,V~ “fos V- fe) = (Ev. fii), 


it follows that the spectral types of the element /, with respect to A, and 
of the element f= Vf, with respect to A, coincide. Therefore, the operators 
A, and A, are of the same spectral type. 

The spectrum and multiplicity of the spectrum at each point do not 
represent complete systems of unitary invariants if the operator A has a 
continuous spectrum, as the following example indicates. The multi- 
plication operator Q, in L2(0,1) and Q,, in L3(0, 1), where o,(¢) = 
and o,(t) = ¢?, have total spectra each of multiplicity one. But they are 
not isomorphic, since the spectral types of the distribution functions o,(f) 
and a,(f) do not coincide. 

On the other hand, two operators with simple spectra and identical 
spectral types are isomorphic since, by Sections 69 and 70, they are both 
isomorphic to the same multiplication operator. Thus, the following 
theorem holds. 


THEOREM: Jn order that two operators with simple spectra be iso- 
morphic it is necessary and sufficient that their spectral types coincide. 

For the extension from the case of simple spectra to the general 
case of multiple spectra, the determination of a complete system of 
unitary invariants is extremely complicated. The question of a complete 
system of unitary invariants of a self-adjoint operator with a multiple spec- 
trum cannot be decided easily by a decomposition of such operators into 
orthogonal sums of operators with simple spectra, because such a decom- 
position is not defined uniquely. For the solution of the problem in the 
general case, one must choose the decomposition of the operator into an 
orthogonal sum in a special manner. This requires the introduction of the 
notion of the so-called independent spectral types. 

The theory of unitary invariants of self-adjoint operators was devel- 
oped by Hellinger for the case of a separable space and was developed later 
by A. J. Plesner for the case of a nonseparable space. The examination of 
these topics is beyond the scope of the present book. We recommend to 
the reader who desires to become acquainted with the theory of invariants 
the paper of A. I. Plesner and V. A. Rochlin in Vol. II of the journal Uspekhi 
Math. Nauk where this theory is presented with exhaustive completeness. 
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74. Some Remarks about Functions of Self-Adjoint Operators 


In Section 63 we constructed the integral 

(1) | e@4Es=T 
by starting from a given resolution of the identity E,(— oS t Soo), an 
element fe H, and a function 9 (#) which belongs to L>(— , ©), where 
o(t)=(E,f, f/f). For a fixed function 9 (¢), this integral defines an operator 
with domain D,; which consists of all vectors f¢ H such that ¢ (¢) is measur- 
able with respect to the distribution function o (t) = (E, f, f) and 


[ le @ Pdo® < @. 


We now consider the self-adjoint operator A to which the resolution 
of the identity E, corresponds. If we take as the function ¢ (¢) some posi- 
tive integer power of the variable ¢, then the operator T defined by formula 
(1) coincides'® with the same power of the operator A. Therefore, if for 
p (t) we take the polynomial 


p(t) =a, tat... + ant’, 
then the operator integral 
| Paes 
becomes : 


(ak + aA +... + nA") f = plA)f. 


We see that a polynomial in a self-adjoint operator A, which has a 
direct definition, can also be defined as an operator integral with respect 
to the spectral function E, of A. The latter method, 1.e., the definition in 
terms of an integral, we can apply also in cases when an immediate defini- 
tion of the function of an operator is not possible. 


DEFINITION: Jf 9 (t) is an arbitrary complex function defined on the 
whole real axis, then 9 (A) is the operator defined by the formula 


o(Af= | odes 


15 Cf. the end of Section 66. 
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Jor all vectors f € H for which 9 (t) is measurable with respect to the distri- 
bution function (E, f, f) and for which 


J leOMELS) < @. 


We remark that the values of the function ¢ (f) at regular points of 
the operator A do not affect the definition of the operator ¢ (A). There- 
fore, we can assume that the function 9 (f) is defined only on the spectrum 
of the operator A. 

For the construction of a productive theory of functions of operators 
it is expedient to introduce a somewhat restricted class of admissible 
functions ¢ (ft). We limit our considerations to functions ¢ (t) which are 
measurable with respect to the distribution function (E, f, f) for any 
feH. We denote this class of functions by Ko. 

Thus, let » (t) € Ky. We prove first that the operator ¢ (A) 1s linear. 
Evidently, it is sufficient to prove that if fe Dy4 and g¢ D4, then 
J --  € Dos. But, for arbitrary /,, h. € H, 


Ay + he |? + Wy — he |? = 2 Ay |? + 2 Whe l?. 
Therefore, for any f, g€H and any 4c [— ~, «] 


(E(A) if + gs}, f+8) S$ 2(E(ALS) + 2(E(4)8, 8), 
and this implies that 


[leOPMdEY+3}.S+8) $2] leOMELN +2[1eO PdEs,g). 


This proves our assertion. 
THEOREM: Let 9 (ft) € Ky and 


foe) 


0 (A) = | 9 (dE, 
Then, for each f € Dg4) and each he H, 


le @) 


(@(ALAM =| eOd(EL A), 

Proof: First, we notice that for the functions ¢ (¢) in the class K, 
introduced in Section 63, the theorem was proved in Section 63. Using 
this, it 1s easy to establish the theorem for any bounded function in the 
class Ky. Indeed, let 9 (¢) be such a function. We fix fand A, and let 
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p(t) = g(ELS+hh,f+h) +g (Eth — A}, f—A) + 
+ £(EAS + ih}, f + ih) + 4 (EAS — th}, f — th) = (ELS) + (EA, A), 
and introduce the space L3(— o, 0) which is generated by the distribu- 
tion function p (t). Further, we construct a sequence {¥n(r) }>° of functions 


in K which converge to 9 (f) in the metric of L3(— 00, co). For each of the 
operators (A) the theorem is valid. Therefore, 


(Wn A) f, A) = | vn (0) 4 (E,S, 
On the other hand, - 


[le@— nO PAELN ¢ [1 e@ — bald PaP(O, 


Hence, in view of the definition (cf. Section 63) of the integral 


ioe) 


| e@aEs 


-@® 


as the limit in the sense of strong convergence of 


f vat dE, f, 


we conclude that 


lim (Yn(A) Sf A) = (@ (ADS 2). 


It remains to prove that 


[o 9) 


2) tim { mn ELA) = [ oOdEL A). 


But 


| @O -hO}dEL4 = 


=4] {9O — dal} d for(0) — ont) + fog(t) — io(t)}, 
o(t) = (Et f+ h}, f+ h), oft) = (Ef —Aj},f — A), 
oft) = (E,{ f+ ih}, f+ ih), o,(t) = (E,{f — ih}, f — ih). 


where 
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Hence, 


| j (o() — dnl AES M) | f | (0) — yn(t) |dp (1) < 


: | | | [iro we |’dp (t), 


and the limit relation (2) is proved. Thus, the theorem is proved for 
bounded functions in Kg. 

We assume now that ¢ (ft) is an unbounded function in Ky. Let o (t)= 
(E,f,f/), where f is an arbitrary element in D,,4) such that 


| | @ (8) ado (1) < 0. 


Letting 
= (t) for |e(@)| sa, 
=| “0” for foals m 

we obtain 
(3) (ent A)f, h) = | on(t) d(E,S, A. 


-@ 


Now, since 9n(f) converges to ¢(f) in the metric of L3(— ©, «) as 
h—-> ©, 
en(A) f > 9 (ADS. 
Hence, the right side of formula (3) has a limit as m — oo. According to 
the definition of the integral of an unbounded function, this limit is the 
integral 


co 


[ eOadEL 0. 


Thus, 


(ALM =| eOdELD, 


-@® 


and the proof of the theorem is complete. 
For bounded functions which belong to the class Kg, it is easy to see that 
if 
9 (t) = 9,(2) + a292(?), 
then 
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p (A) = 2,9,(A) + 4292(A), 
where a, and a, are arbitrary numbers. 
Furthermore, if 9 (f) is a bounded function in class Ko, then [9(A)]* = 
@(A), where 9 denotes the function defined by ¢ (tf) = ¢ (ft). Hence, for 
any f, g €H, 


(4) (Aha) =| ed EL) =| eOdEs./ = 


= (9(4)8,f) = (Vf, (A) 8). 
It is not difficult to verify that if 9,(t) and ¢.(1) are bounded functions 
in class K, and 


2 (t) = 91(t) 9.(¢), 


9 (A) = 9,(A) ¢2(A). 

In particular, it follows that each pair of bounded functions of a self- 
adjoint operator commute. 

Another consequence of the facts established above is formulated: if 
o (t) € Ky, then 9 (A) is a projection operator if and only if 9 (ft) assumes 
only the two values zero and one, i.e., it is the characteristic function of 
some set e < [— oo, oo] which is measurable with respect to the distribu- 
tion function (E£, f, f) for every fe H. 

If y,(0) is the characteristic function of some interval 4 < [—o, o], 
then 


then 


ioe) 


xd) = | xa) aE, = | dE, = E (4). 
- © 4 
Therefore, it seems natural to define E (e), for an arbitrary set e < [— «, oo], 
which is measurable with respect to all distribution functions (E, f, /), 
by the formula 
E(e) = xt), 
where x,(f) 1s the characteristic function of the set e. 
We prove now that the relation 


[e (A) ]* = 9 (A). 
holds not only for bounded functions in K, but also for unbounded func- 
tions ¢ (rf) € K, if the domain of the operator ¢ (A) is dense in H (otherwise 
the operator 9 (A) would not have an adjoint). Let g € D,.,4)- so that, 
for every fe Daa, 
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(S) (2 (AVA 8) = (4 8"). 
Letting en denote the set of points on the real axis for which 
le(@| sa, 
we define 
= ? (t) (t E en), 
eal) = 0 (t ¢ en). 
Since 9n(A) is bounded, we have, for every h € H, 
(6) (pn(A) h, g) = (A, ¢n(A) 8). 
We define the vector f by 
f = E(en)h. 


It is not difficult to convince oneself that this vector belongs to D,4). 
Indeed 


t 
E,f = E,E(en)h = | xe,(s) dEsh, 


and, therefore, 


[leOrMELN =[leOrx.,0dEA, &) = 


= | len (f) [Pd (Exh, A) < ov. 


- @ 


By means of a similar calculation we find that, for each h’ € H, 


(ALK) = | ed ELA) = | eOx,(0d Ed, h) = 


= | on(t) d(E,h, h’) = (on(A)h, h’), 


so that 
2 (A) S = en(A) A. 
On the basis of (5) and (6), we conclude that 


(A, @n(A)g) = (E (en) h, g*), 


(h, 9n(A) g) =. (A, E (€n) g*). 
Since A is an arbitrary vector, 


and, consequently, 
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ae se * 
@n(A) g = E (en) g*. 


ll @n(A) g Il = Il Ben) g*ll S le* il, 


Therefore, 


and 


[ |e Pd Be, 2) < here. 


-@ 


As n increases, the left side does not decrease. This implies that 


[1% @ Pas, 8) s et 


In other words, it is proved that if g € D,,,4)- then g € Dg). Butifg € Davy 
then, for every f € D,,4), 
(7) (9(A)A 8) =(4 (A) 8), 


which may be proved in exactly the same way as equation (4). Comparing 
(5) and (7) we obtain the equation 


g* = 9 (A)g, 
and our assertion is completely proved. 
The product 
(8) 91(A) $2(A) 


can be examined also in case the functions ¢,(f), 9,(t) € Ky are not bounded. 
It is defined only for those elements fe D,,.4) for which 9,(A) f€ Dg:4). 
Therefore, generally speaking, it does not coincide with ¢ (A), where ¢ (f) 
=9,(t) 9,(t). But, if an element / is in the domain of the operator (8), 
then, for every he H, 


foe) 


(ex(4) eA H) = | onl) d (Exe ADS A) 


-@ 


and 
(elA)S Eh) = | ols) d(ES A 
so that : 2 
(eA) eA) = fesl eUEL A = [POU ELM = (ALA), 
and, hence, 


91(A) 2(A) < 9 (A). 
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We consider now the question of the inverse operators. The operator 
o (A), where ¢ (ft) € Ky, has an inverse if and only if the relation 


¢ (A) f = 0, 


or, equivalently, 


JleOMEL/) =0 


is satisfied only for f = 0. This condition is satisfied if and only if the point 
set on which 9 (f) = O has zero o-measure for each distribution function 
a(t) =(E,f,f),f¢H. Assume this condition and let 


l 
$(t)h=—.. 
9 (1) 
It is evident that the operator ¥ (A) is the inverse of the operator ¢ (A). 
This justifies the equation 


J 
[p (A) ]-* = —_.. 
9 (A) 
In light of the considerations of the present section, the Cayley trans- 
form of a self-adjoint operator A attains a new aspect. It is a linear frac- 
tional function of the operator A: 


A —iE 


V =(A-iE)(A + iE) = ; 
As Atte) Bae 


The Cayley transform of a self-adjoint operator is a unitary operator. In 
general an operator ¢ (A) will be unitary if and only if | 9 (t)|=1. As 
an example, consider the operators 


cO 
et = | ede, (—o< s5 <0), 
-@ 


which foim the abelian group studied in Section 64. 

Completing the present section, we consider what simplifications the 
assumption that the spectrum of the operator A is simple brings to the 
theory. Making this assumption, we let g denote some generating element 
of the operator and we let o (rt) denote the distribution function (£,g, g). 
It is easy to see that the class K, consists now of all functions which are 
measurable with respect to this particular distribution function. Indeed, 
let e be a set with finite o-measure. This c-measure equals 
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feo) 


(9) | x(0) do(0, 


- @ 


where x,(t) is the characteristic function of the set e. If fis an arbitrary 
vector, then for any 4 <c [— ©, oo] 


(10) (EC) 4) = | pOd Es, 8) 


where p(t) is some non-negative o-integrable function. Comparing (9) 
and (10), we see that the measure of the set e with respect to the distribu- 
tion function (E, f, f) exists and equals 


co 


(EOL = | Nd ELS) = | PO xd) d (Eg, 8). 


- @ 


Let us take a particular function ¢ (t) € K, and construct the operator 
¢ (A). Each vector fe D,,4) can be represented in the form 


(11) f= [sWdEs, 


where f(t) belongs to L3(— 00, oo). This representation shows that 


f=f(A)g 


(AS = eA se = | 90S dg. 


- @ 


so that 


The relation (11) maps H isomorphically into L7(— 00, 0). Hence, the 
Operator 9(A) in H corresponds to the operator of multiplication by 
¢ (f) in L2(— 0, 0). 


75. Commutative Operators 


In Section 14 we defined the commutativity of a pair of operators S 
and 7, of which at least one (say, S)is bounded. According to this definition, 
S and T commute provided that if fe D; then S fe D; and 

STf = TSf. 


Now we replace the operator J by an arbitrary self-adjoint operator A. We 
continue to let S be an arbitrary bounded operator. We shall prove that 
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S and A commute if and only if S and E, commute for each real ¢, where 
E, is the resolution of the identity for the operator A. 
Thus, let the operators S and A commute. Then for each nonreal z 
and each fe D,, 
S(A — 2E)f=(A —ZE)Sf. 
Consider the resolvent operator R, = (A — zE)7~! of A. Since the range 
of R,1s D,, we have, for each h € H, 


S(A — ZE) R,h = (A — ZE) SRA 


and 
R,Sh = SRA. 
By the integral representation of the resolvent, we have, for each g € H, 


{+ aesn,s) = {+ ases, 9) 
[=Z c=Z 


- @ - @ 


Since this relation holds for every nonreal z, it follows by means of an 


argument applied earlier that 
E,S = SE, 


for each te [— oo, oo]. Thus, one of the assertions is proved. The same 
formulas in the reverse order yield the other assertion. 

From the considerations of the preceding section it follows that each 
bounded function of a self-adjoint operator of class Ky commutes with this 
operator. The converse proposition is not valid, i.e., the commutativity of 
a bounded operator S with a self-adjoint operator A, does not imply that 
Sis a function of A. However, the following theorem holds. 

THEOREM 1: Jf a bounded operator S commutes with a self-adjoint 
operator A which has a simple spectrum, then S is a function of A. 

We shall prove this theorem below, but first we pause to consider a 
general question: what are necessary and sufficient conditions for a 
bounded operator S to be a function of a given self-adjoint operator A. 
One answer to this question is given in the following theorem. 

THEOREM 2: (Riesz-Neumann) A bounded operator S is a function of 
a self-adjoint operator A if and only if S commutes with every bounded 
operator T which commutes with A. 

The proof of the necessity of the criterion given in the theorem is very 
simple. Indeed, let 

S = 0 (A). 
Let 7 be a bounded operator which commutes with A. Then 
ET=HTE, 
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for each ¢. It follows that 


( (ATS 8) = | oO 4 (ET, 2) =| eOATES.8) = 


= | oOd(EST*8) = (@(AST*8) = (Te(A)f8) 


for all ff, g¢€H. Therefore, 
9 (A)T = T¢ (A). 

However, the proof of the sufficiency is not so simple. It will not be 
given in complete detail in this book. We restrict ourselves to the case 
for which the eigenvectors e,(k=1, 2,3, ...) of the operator A form a 
complete orthonormal system in H (this condition is satisfied, for example, 
for a completely continuous operator in a separable space). 

Let P,(k=1,2,3,...) denote the operator of projection on the 
eigenvector e,. Since the equations 


Ae, = ,e, (k=l, a 3i2e% 4) 
imply that 
AP, = P,A (ey. 23 ace); 


we have, by the assumption of the theorem, 
SP, = P,S. 


The last equation implies that each eigenvector of A is an eigenvector 
of S, and that eigenvectors which belong to equal eigenvalues of A also 
belong to equal eigenvalues of S. 

Let u,(k=1, 2, 3, ...) be the eigenvalues of S, so that 


Se, = Pye, (k — I, 2. 3, oe .). 


The operators A and S are represented by the formulas 


Af => ACS; exer (fe Dy), 


Sh = pe u,(h, &,) ex (; eH). 
Since to equal values A, correspond equal values »,, we can define a func- 
tion © (ft) on the spectrum {A,};° by the equations 


@ (An) = Bk (S12, Shea): 
Thus, we obtain a representation of S in the form 
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Sh = »> 9 (A,) (A, ex) ex. 
Thus, 
S = 9(A). 


Now we shall prove Theorem 1. Let g be a generating element of A. 
Then each vector / € H is represented in the form 


pes [raze 
where f(t) belongs to Li(— 0, 00) with o(t) = (E,g, g). In particular, 
we have the representation 


Se =| 9 (0 dg. 
We prove that the function ¢ (ft), which appears here, is bounded. 
With this aim, we assume the contrary. Thus, we assume that there exists 


an infinite sequence of sets e, és, e3, ... of positive o-measure such that 
le(@|>a 
for tf € en. Consider the elements 
Jn = Elen) g. 


These elements are different from zero since 
Il fall? = CE (en) g, 2) = myten} #0. 


Since the operator S commutes with A, it follows from the necessity of the 
criterion'® of Theorem 2 that S commutes with every function of A and, 
in particular, with the operator 
E (€n) — Xe,(A). 
Thus 
E (en) S = SE (en), 
and, therefore, 


| Sfnll? = || SE (en) g ll? = || E (en) Sg ll? = (Sg, E (en) Sg) = 


=[e(0d(Eg, E (en) Sg) =[x.,(0 9 d(Eg, Se) = 


- @ 


feo) 


wf Xe,At) | 9 (1) Pd (Eig, 8) > n° | Xe,(t) d(E,8, 8) = 7 fn |. 


-c@ - @ 


16 Recall that the necessity was proved in complete detail. 
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This implies that the operator S is not bounded, which contradicts the 
original assumption. Therefore, the function ¢ (f) is bounded. Now choose 
feéH arbitrarily and let 


f= fy (1) d E.g, 


where f(t) ¢ L3(— 00, 00). Then, for each he H, 


(Sf, h) =(f, S*h) = | fd Eg, S*h) = 


= | fa(SEg,h) = | fa (E,Se,h) = | fd (Se, Es). 


But since, : . 7 . 
(Se, Exh) = | 2 (9) d(E,g, Ext) = [0 (9) d (Ex, A) 
we have _ . = 
(Sf) = | Se Od Es, A, 
and, hence, i 


Sf=| eOsSd Eg, 


By the concluding remarks of the preceding section, this implies that 
S = ? (A), 


so that Theorem 1 1s proved. 
Remark: Since each bounded operator 7 has the representation 


T =—= B, + 1B, 


where B, and B, are bounded self-adjoint operators, it is sufficient in 
Theorem 2 to require that S commute with every bounded self-adjoint 
operator B which commutes with A. 


76. Rings of Bounded Self-Adjoint Operators 


A set IX of bounded self-adjoint operators A, B, C,..., 1s called a 
ring, if A, BEM implies that ABE M and aA + BBeM for arbitrary 
real a and f. 
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A ring is called weakly closed if An € M (n=1, 2, 3, ...) and An ™, A, 
imply that A e M. 

Since the product of two bounded self-adjoint operators is self-adjoint 
if and only if these operators commute, the operators in such a ring com- 
mute in pairs. Conversely, every set Jt of pairwise commutative bounded 
self-adjoint operators determine a weakly closed ring, namely the smallest 
weakly closed ring which contains Jt. We donate this ring by R (IM). It 
can be defined as the intersection of all weakly closed rings which contain 
Ne. 

The following important theorem is due to von Neumann. 

THEOREM |: For each weakly closed ring Mt in a separable Hilbert 
space H, there exists a bounded self-adjoint operator A such that MN = RA). 

Since the presentation of the proof of this theorem of von Neumann 
does not fall into the plan of the present book, we restrict ourselves to the 
statement of the theorem and to some of its implications. 

Consider a finite or infinite set Jt of pairwise commutative bounded 
self-adjoint operators in a separable space. We form the ring R (3). By 
the theorem of von Neumann, there exists a bounded self-adjoint operator 
A such that ® (Jt) = R (A). Let B (A) denote the set of all bounded self- 
adjoint operators which commute with A. Let $B {¥%(A)} denote the 
set of all bounded self-adjoint operators which commute with each oper- 
ator in §$(A). Since this set contains the operator A, every operator in 
8 {$B (4) } commutes with A. Hence, 

B{B(A)} < BUA). 

We show next that ‘B {{B (A) } 1s a weakly closed ring. Let C’, C"e€ 
% {PB (A)}. It is evident that the operator a’C’ + a”C” belongs to 
¥ {$B (A) } for arbitrary real a’ and a”. Since C’ and C” belong to PB{P(A)}, 
they commute with each bounded self-adjoint operator which commutes 
with A. But, by Theorem 2 of the preceding section and the remark at 
the end of that section, C’ and C” are functions of the operator A, so that 
C’C” is contained in $B {$B (A)}. Hence, PB {PB (A) } is a ring. 

It remains to show that the ring $ {'B (A) } is weakly closed. Let 


Cre B {P (A) } 
for n=1, 2,... and, for arbitrary f, g eH, let 


lim (Caf, 8) = (CS; 8). 
If C’ is an arbitrary operator in % (A), then 
(CaCf, 8) =(CCaf, 8) = (Caf, C’8), 
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which yields 
(CC'f, g) = (Cf, C’g). 
CC’ =C EG, 


so that the operator C commutes with every operator of $B (A). Therefore, 
Ce $ {PB (A)} and B {P (A) } is a weakly closed ring. 
This result and the relation 


Ae PB {P (4) } 


It follows that 


imply that 

R (A) <— P {P (A)}. 
Since 

No RMN) = R (A), 
we have 


Ne PLP (A)}. 


Every operator in $ {$B (A) } is, as we know, a function of the operator A. 
Hence, the same property is possessed by all the operators of 9. Thus, 
we obtain the following theorem. 

THEOREM 2: If the bounded self-adjoint operators 


(1) CCC a, 


in a separable space are pairwise commutative, then there exists a bounded 
self-adjoint operator A such that the operators (1) are functions of A. 

There is a case for which this theorem can be proved simply without 
the application of Theorem 1, viz., if the number of operators (1) 1s finite 
and if the linear envelope of the eigenvectors of each of these operators 
is dense in H. We simplify the proof, without loss of generality, by assum- 
ing that the number of operators (1) is two. Thus, we have two commuta- 
tive bounded self-adjoint operators L and M such that the linear envelope 
of the eigenvectors of each of these operators is dense in H. 

Let E, and F, be the spectral functions for L and M, respectively. 
Further, let 2, and M, be the eigenmanifolds of these operators which 
correspond to the eigenvalues A and y, 1.e., 


x, a (E,+0 a E)) H, 
Me, = (F,.5 — F,) H. 
Since L and M commute, 
(Ex+0 ~ E,) (Fi+0 =f) mae (Fito —_ F,) (Ex. —_ E)). 


Therefore, 
Lys = (Ex+0 a E)) (Frio = F,) 
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is a projection operator for which 
Gy — P,,H — g, OV WM, 


It is easy to verify that if (\’, »’) and (A”, »”) are different pairs, then the 
subspaces G,. ,,,, Gy ,- are orthogonal. 

We prove that there does not exist a nonzero vector f which 1s ortho- 
gonal to all the subspaces G, ,. Indeed, if f+ 0, there exists at least one 
A for which 

(Exio — EV #9. 


We denote this value A by A, and let 
(E,,+0 ae E,) f =f". 


There exists , such that 


(F,,,+0 - FS’ - 0. 
Priud F 0, 


which implies that the vector f is not orthogonal to the subspace Gy, ,,.. 
Thus, our assertion is proved. 

In each of the subspaces G, ,, we construct a complete orthonormal 
system of vectors 


Hence, 


GQ) 2) @ 
OW Ci Cure Gtk: & 


The set of all these vectors is countable, since the space H is separable. 
We enumerate this set of vectors ef? and obtain orthonormal basis 
C15 C2, C3, - ++ 


for H. Each vector e, is an eigenvector of both of the operators L and M. 
Let 


Le, = rxex, 
hae (= 1,903...) 
Me, = pye;, 


Now we choose an arbitrary bounded sequence of real numbers 
{a,}? and define an operator A by the formula 


Af = 3 ar( fy x) Cx: 


Note that A is a bounded self-adjoint operator. Moreover, A 1s com- 

pletely continuous if the sequence {a,}? converges to zero. The only 

restriction which we impose on the numbers a, is that they all be distinct. 
Let 9 (t) and ¢ (rt) be real functions which satisfy the conditions 


? (a,) = A, by (a,) = py (A = 1, 2, 35x) 
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and otherwise are arbitrary. We find without difficulty that 
L=9(4) M=+4#(A). 


77. Examples 


We illustrate some of the general results of the present chapter in 
terms of the differential operator 
PS pe 
at 
and the operator Q of multiplication by an independent variable, both 
defined in L7(— oo, «). These operators are self-adjoint. Furthermore, 
they are unitarily equivalent, 1.e., 
P=%$Q 8, 
where % is the Fourier-Plancherel operator. Since the spectrum of the 
operator Q is simple and is the set of all real numbers (cf. Section 69), the 
spectrum of the operator P has the same properties. 
A. Let E,@ be the spectral function of the operator Q and E, that 
of the operator P. Then 
EO(A)h = x(t) h (0), 


where y,(t) is the characteristic function of the interval 4 and h =/h (ft) 1s 
an arbitrary element of the space L?(— 0, 00). Since (cf. Section 73) 


EP = § BOR, 


we have, for each finite interval 4 = [a, B], 


l  piBlu 1) — giatu- 
EPA =| a u) du, 
f= 5- [| Ea fwd 
where f = f(t) is an arbitrary element of L?(— 00, ©). 
B. We recall Theorem 2 of Section 69. By this theorem, if g is any 


generating element of the operator Q, then the formula 


f= | ed Es, 


which associates the element f = f(t) ¢L%(— «©, ©) with the element 
¢ (t) € L3(— a, 00), where o (ft) = (E,g, g), establishes an isometric map- 
ping of L?(— a, 00) into L7(— «, «). Since Q is the multiplication oper- 
ator in L*(— oo, 00), the question naturally arises as to the choice of a 
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generating element g, for which this isometric mapping is the identity 
transformation: 


f(s) = | SO d Ee, 


-@ 


This equation holds if and only if 


E(A) go = xa(t), 

where 4 is an arbitrary finite interval and x,(t) is the characteristic function 
of 4. But, as 4 > [— oo, oo], the functions y,(f) do not tend to a limit in 
L?(— 00, o). Hence, the desired vector g, does not exist. Nevertheless, if 
we want an affirmative answer to our question, then we must augment 
the space L?(— 0, 00) by adding to it an improper element g, such that the 
projection of gy on each subspace L*(a, b), where —o<a<b < o, is 
the characteristic function of [a, b]. Thus, the element gy is a unit function 
which does not belong to the space L?( — 00, 0). 

C. We consider now the operator P. Let h = A(t) be an arbitrary 
generating element of this operator. Then, for each fe L?(— 0, oo), there 
exists an element ¢ (tf) ¢ L? (— «©, 00), where o (t) = (E,A, A), such that 


f(s) = [ Had Eh, 


The question naturally arises as to the choice of a generating element hy 
for which ¥ (ft) is the Fourier-Plancherel transform (or the inverse trans- 
form) of the function f(t). We desire that 


$(t) = SF (0. 


The representations . 
S() = [ ¥Od EM hy 
and 7 . 
$y im: se . J b(t) en *dt 


yleld 
Ee (4) hy = 


for each finite interval 4 = [a, 8B]. Thus, the desired vector Ay should 
satisfy the condition 
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(1) E®(A) hy = & E® (4) go, 
where g, is the identity function. Such a vector hy does not exist in 
L?(— 0, 0). We introduce fy as another improper element?’ of the space 
L*(— 0, «). Equation (1) shows that the element i, should be considered 
as the Fourier-Plancherel transformation of the improper element gp. 

D. Turning to functions of the operator P, we should, first of all, 
define the class K,. This class is the set of all functions ¢ (ft) which are 
measurable on each finite real interval. We obtain the same class for the 
investigation of functions of the operator Q. Bounded functions are of 
greatest interest since they generate bounded operators. 

Let 9 (t) be such a function. If f = f(t) is an arbitrary function of 
L?(— 0, 0) and g = g (f) is its inverse Fourier-Plancherel transform, then 


(2) e(P)f=SleOsM}. 


The situation is particularly simple when the function 9 (ft) not only is 
bounded but also belongs to L?(— «, «). Indeed, then 


$1) = & e() 


exists and the right member of the equation is equal to 


ns J b(t — 8) f(s) ds. 
Qa 
Thus, in this case, 


1 [o 8) 
(3) 9 (P)f = mer b(t — 8) f(s) ds. 


Since the right side of formula (2) becomes ¢ (t) when g (f) is replaced by 
the identity function g,(t), ¥ (1) should be considered as the image of the 
improper element hy by the operator 9 (P): 


# (t) = 9(P) ho. 


Thus, if ¢ (¢) is bounded and belongs to L2(— 00, o) then it is sufficient 
to find ¢ (P) Ag, and the determination of 9 (P) fis reduced to finding some 
convolution according to (3). 

Let us assume now that the function 9 (ft) is bounded, but does not 
belong to L?(— 0, «). Then it is natural to let 


9(t) =(¢ + i) a, (9, 


17 We remark that the introduction of improper elements is often useful not only in 
L?(— co, oo) but also in other spaces. 
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where 
9 (t) 
ft) = 2 
0,(t) ray 


and 9, belongs to L?(— 0, 00). Let 


9i(P) hy = w(t). 
Then 


7 fo @) 
PS = J b(t — 8) f(s) ds 


and 
ePS=P + alPf=s= (441) fale—9siae 


E. Integral operators with kernels as functions of the difference of 
two arguments often occur in problems of analysis. We see that such 
operators are functions of the operator of differentiation. As an example, 
we introduce the operator defined by the formula 


L fravie—9) vil 


- @ 


Di ey (s) ds, 

where A is a non-negative parameter. This operator plays an important 
role in the theory of the Fourier integral. It is of interest that D, is a reso- 
lution of the identity. This fact follows from the general circumstance: if 
E, is the resolution of the identity for a self-adjoint operator A, then 


Eyx —~E-jxy (29) 
is the resolution of the identity for the operator A”. But, it is easy to see 
that 
D, = EY <= Ey: 
Therefore, D, is the resolution of the identity for P?. Now we show that 
the operator P? coincides with the operator L which is defined by the 


formula 
_ af 
ce dp 


for each function f(t) in L?(— 0, o) with a second derivative almost 
everywhere which also belongs to L?(— 00, ©), 
To begin with, it 1s clear that 
Pre, 


88 VI. SPECTRAL ANALYSIS OF UNITARY AND SELF-ADJOINT OPERATORS 


Therefore, it remains only to prove that if 


Jis@Pra<o, fIs@pa < 
then — ~ 


[Is@ Rat < 


It is sufficient to establish this fact for the case when the function f(f) 1s 
real and the integration is over the positive real semi-axis. Consider the 
identity 


{ LO Fa =f0/0 -1OF'O -[sOSF'O 4: 


[fOF'O4 =4 OP -LUOF, 


Assume that f ‘(t) does not belong to L?(— 0, 0). Then 
lim | Lf'@ Pat = @. 
S—> ® 3 


From the first identity, of which the last term of the right member is 
bounded, we conclude that 


lim f(s) f(s) = ©. 
Therefore, from the second identity, we find that 


lim [f(t) ? = o, 


which contradicts the assumption that 
| L7@ Pat < &. 
0 


We proceed to prove that the multiplicity of the spectrum of the oper- 
ator L equals two. First we show that this spectrum Is not simple. Assum- 
ing the contrary we choose a generating element g of the operator L such 
that the linear envelope of the set of vectors D,g(A2 0) is dense in L*( — ©, 00). 
Hence, the element g is a fortiori a generating element of P. But since 
the spectrum of P is the entire real line, the vector E®(4)g can equal zero 
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for no finite interval 4. Let us take a finite interval 4 = [a, 8], where 
B > a> 0,and represent the vector E“(4)g in the form 


E%4)g =[9(dDg, 
0 


which is possible since g is a generating element of L. This representation 
can be written in the form 


B 0 . 
[aes = [ od EY —E_P} g = [ oe deine 
a 0 - 0 


from which it follows that 
fl («<t<&8), 
Wg Cae my 
which is impossible. 

Thus, the spectrum of the operator L is not simple. In order to prove 
that the multiplicity 1s two, it is necessary to show that the operator L 
has a generating basis which consists of two vectors. Let us choose two 
generating elements h, = h,(t) and h, = h,(t) of P, such that the first is an 
odd function and the second is an even function. We represent an arbitrary 
function f(t) of L?(— 00, 00) in the form of the sum 


fO =A) +f) 
of an odd function /,(¢) and an even function /,(¢). Since h, is a generating 
element of P, 


[ee] 


(4) fi= | es) d (EP — EP Yh 
But _ 
]  pistu-0 — 
(EP — Eh, = e033) => [= aw dy, 
an i(u — ft) 
and, hence, 
1 pel-u9 
9, egy a h,(u) du = 
81( S) 2a a+ i(u) du 
_ ] r istu-1) oe. l _ 
1 peso | 


= = J 7Gan du = gi(t;5). 
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Since /,(t) is odd, it follows from (4) that 


foo) 


fi = | ox(—s) d (EP — ES) hy 
This implies that 9,(t) is also an even function and the representation (4) 
takes the form 
fr = fouls) d (EP —E%) hy = fot) dD. 
0 0 


Analogously, it is proved that 


fe = [edVt) dD 


Hence, the vectors h, and h, form a generating basis for the operator 
L. It may be observed that this basis is orthogonal. 


Chapter VII 


THEORY OF EXTENSIONS OF SYMMETRIC 
OPERATORS 


78. Deficiency Indices 


Let T be an arbitrary linear operator. For the present we require only 
that the domain of T be dense in H. 

We call a complex number X a point of regular type of the operator T 
if there exists k = k (4) > O such that for all fe Dr 


I(T — AB) Sl 2K NS I. 

From this definition it follows that A is a point of regular type of the 
operator 7 if and only if (T—AE)~! exists and is bounded. In particular, 
the eigenvalues of the operator 7 are not points of regular type of T. 

If Ay is a point of regular type and 


|A—A|] $8 S$ Zk (A), 
then, for each fe D,, 
I(T — AE) fll 2 I(T — EV SI — [A — Al III = 
2 {k (Ao) — fll 2 Fk Oo) fil. 
This fact, used once before (cf. the proof of Theorem 4, Section 43), shows 
that the set of points of regular type is open. We call this set of points the 
field of regularity of the operator T. 


If A is a symmetric operator and z = x + iy(y #0), then (cf. the 
proof of Theorem 3, Section 43) 


(A —ZE)f 2? = (A —xE)f? + ils? 2 Vise 
for each fe D,. Hence, the upper and lower z-half-planes are connected 
subsets of the field of regularity of an arbitrary symmetric operator. 
The field of regularity of an isometric operator V also contains two 


particular connected subsets: the region inside and the region outside of 
the unit circle. Indeed, for | | < 1 


WV — CE\fil 2 WV Let set = C1 — (eis: 


and, analogously, for |¢|> 1 


W(V — CE\fl 2 [SFT - WA = CST — DAS. 
91 
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THEOREM: Jf I is a connected subset of the field of regularity of a 
linear operator T, then the dimension of the subspace H © 4,(A) is the same 
for each Xe TI. 

Proof: We denote by P, the projection operator on the subspace 


=HO 4,(d). 
If we show that for arbitrary .,, A, € I, 
(1) [Pye =, 


then it follows from the theorem of Section 34 that the dimensions of the 
subspaces Jt, and J,, are equal. In order to prove the inequality (1) for 
arbitrary .,, A, € I’, it is sufficient, by using the Heine-Borel theorem, to 
show that for each A, € I’ there exists 6 = 5(A,) >0 such that 


UE eee lane 
for | A—A,| < 5. Thus, let Ay be an arbitrary point of the region I and let 
6= d5(A) Ss x K (A). 
Since 
K (Ad) IPI S(T = AE) SI S(T — AE) SI + [A — Aol IA 
we have, for |A — A,| < 4, 
I(T — AE) f || 2 Fk Ao) IF IL 
Let |A — A,| Ss 8. Then, for each he N, (lA || = D, 


a = | (A, {T— AoE} S) | a 
MB PA = sup Bf 


@Q) — sup Ws {T= ABVS +A =f)! _ 
feDr Pte 
p= 1AS)I < 


~ RD I(T AE) S| ; 
and, for each he N,, (|| A || = 1), 
(3) IK(E-P)hil s 4 
By the second definition of the aperture of two linear manifolds 
(cf. Section 34) it follows from inequalities (2) and (3) that 
[PHP Ss 
Thus, the theorem is proved. 
From our considerations, it follows that 


lim ||P, — Py} =90 (A, A» eT). 


A—A, 
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This relation expresses that as the point A varies in the region I, the sub- 
space Jt, rotates continuously around the point f = 0. 

We define the deficiency of a linear manifold as the dimension of its 
orthogonal complement 37 = H © Mt and write 


def M@ = dim MN. 


The deficiency can be finite or infinite. 

The theorem just proved motivates the following definition. 

DEFINITION: The deficiency of the linear manifold I, = 4,(A) for an 
arbitrary point X of a given connected subset of the field of regularity of the 
operator T is called the deficiency number of the operator T with respect to 
this subset of the field of regularity. Furthermore, N,= H © M, is called 
the deficiency subspace of the operator T for the point X and each nonzero 
element of the deficiency subspace is called a deficiency element. 

Every symmetric operator A has two particularly important deficiency 
numbers, m and n, corresponding to the lower and upper half-planes: 


m  (3z<0) 
A — : 
def4Q)= | eso) 
Every isometric operator V has two analogous deficiency numbers, m and 
1, corresponding to the regions inside and outside the unit circle: 


_f m_ ({é| <I), 
el ae | n  ([£/>). 

These particular deficiency numbers are called the deficiency indices of 
the symmetric (respectively, isometric) operator. They are written in the 
form of an ordered pair (m, 1). 

From the theorem proved above immediately follow three proposi- 
tions: 

1° Ifa symmetric operator has a real point of regular type, then its 
deficiency indices are equal: m = n. The same fact is true for an isometric 
operator if it has a point of regular type on the unit circle. 

2° If A is a symmetric operator, then each nonreal number z is an 
eigenvalue of multiplicity m for the self-adjoint operator A* if 3z >0, and 
an eigenvalue of multiplicity v if 3z < 0. 

Indeed! if fe D, and ge MN, then 


(g, {A — ZE} f) = 0. 


1 Proposition 2° was first discovered by H. Weyl] (2), Vol. I, for differential operators of the 
second order. Then T. Carleman proved it for integral operators. For arbitrary symmetric 
operators in H the proposition was established first by J. von Neumann. The proof of the 
more general theorem given earlier is due to M. G. Krein and M. A. Krasnoselski. 
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It follows that 
(A*g — zg, f) = 0, 
so that 
A*g = zg. 
Thus, z is an eigenvalue of the operator A* with multiplicity dim 3. 
3° The deficiency indices of an isometric operator V can be defined by 
means of the equations 
m = def Dy,, 


n= def 4,. 
It is enough to prove just the first equation. For each ¢ +0, 
a(t) =(V —%E)Dy = (=V —E) Dy = 
= (=E- v-) VD, = (y> -tE} es 4,-1(4) | 
C C C 
If |¢|>1, then 
m = def 4,(£) = def 4y-1(—) = 


— def 4,,-1(0) = def 4,-1 = def D,. 


79. Further Remarks on the Cayley Transform 


In Section 67 we introduced the idea of the Cayley transform V of 
a closed symmetric operator A with the aid of the formulas 


(1) (A —ZE)h=f. 
(A —ZE)h=YVf, 


where z is any nonreal number and he D,. We assume in the present 
section that 3z >0. The operator V is expressed by the operator A in the 
form 


Vf = (A — zE)(A — ZE)“', 
where the domain D, of the operator V is 4,(Z). By formula (1), 
h= (V a E)f 
29 


Ah = GV — 2b) f 


Z=Z 


(2) 
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and, therefore, 
Ah = (ZV — zE)(V — E)"*h. 
For what follows, it is very important that the deficiency indices (m, n) 


of the operator A are the same as the deficiency indices of the operator V. 
According to the definition, 
mt = def 4,(Z). 
But 
4 4(Z) = Dy, 
so that 
def Dp = m. 
On the other hand, 
w= def 4,(z) 
by definition, and 
A(z) = Ay, 
so that 
def 4, =n. 


It remains to apply proposition 3 of the preceding section. 

THEOREM |: Jf V is an isometric operator and if the manifold 4,(1) 
is dense in H, then the operator A which is defined by formula (2') is symmetric 
and the operator V is its Cayley transform. 

Proof: Since 4,(1) is dense in H, the inverse operator (V — E)7! 
exists. Indeed, if this operator does not exist, then unity is an eigenvalue 
of the operator V. But if 


Vg=g (g #0) 
then, for each fe Dy, 
(Vi—S, 8) =(YVf, 8) —(L8) =A, Veg) —(f, 8) =9, 


ie, g 1 4,(1). 
Since the operator (V — E)7' exists, the operator 


A =(zV —2zE)(V — E)?} 


exists and its domain is dense in H. We shall show that this operator is 
symmetric. 
Let fand g be arbitrary elements of D, = 4,(1): 


f=Vo- 49, 


g=Ve— 4g, 


(9, xp E Dy). 
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Then 
Af = (ZV — zE)9 =2zVo — zo, 
Ag = (ZV — zE)¢ = ZV¢ — zy. 


Therefore, 
(Af, g) = (ZV —z9, Ve —p) = 
= (z +2)(9, 4) —Z(V¢9, 4) —2z(9, Ve) 
and 
(f, Ag) = (Ve — 9, ZVb — z$) = 
= (2 +2Z)(9, 4) —Z(V9, 4) —2z(9, Vi), 
so that 


(Af, g) = (Sf, Ag). 
The proof of the relation 
pic A —ZzE 
A —2ZE 
is not difficult. Thus, the operator V is the Cayley transform of the oper- 
ator A. 

In what follows we apply the name “‘Cayley transform” to each of the 
two operators V and A which are connected by the relations (1) and (2), 
1.e., We not only call the operator V the Cayley transform of the operator 
A but also we call the operator A the Cayley transform of the operator V. 

From the propositions proved above immediately follows the next 
theorem. 

THEOREM 2: Let A, and A, be symmetric operators and let V, and V, 
be their Cayley transforms. In order that A, be an extension of A, it is 
necessary and sufficient that V, be an extension of Vj. 

By Theorem 2 the question of symmetric extensions of a given oper- 
ator A is reduced to the question of isometric extensions of its Cayley 
transform V. 

From Section 9 we know that closed linear manifolds F and G can 
be the domain and range, respectively, of an isometric operator if and only 
if their dimensions are equal. In the following manner the isometric exten- 
sions of an operator V can be obtained. 

In the deficiency subspaces H © D, and H © 4, we choose two sub- 
spaces F and G of the same dimensions and we construct an arbitrary 
isometric operator V’ with domain F and range G. We further define a 
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linear operator V with domain D; = D, @ F and range 4p = D, © G 
by the formulas 


Vr [VA fe Dy], 
= { twp pert 


It is evident that V is an isometric extension of V, and for all possible 
choices of F, G, and V’, we get all isometric extensions V of the operator 
V and each one just once. 

In order to find a symmetric extension A of the operator A we pass to 
the Cayley transform of the operator, find an extension V of the operator 
V by the method described above and, finally, let A be the Cayley transform 
of V. The formula which corresponds to this procedure will be given in 
the following section. 

From the argument outlined above it follows, in particular, that the 
operator A is a maximal symmetric (self-adjoint) operator if and only if 
its Cayley transform V is a maximal isometric (correspondingly, unitary) 
operator. Therefore, we have 

THEOREM 3: Jn order that asymmetric operator be maximal, it is neces- 
sary and sufficient that one of its deficiency indices equal zero. In order that 
a symmetric operator be self-adjoint, it is necessary and sufficient that both 
its deficiency indices equal zero. 

By the procedure described above, we also obtain 

THEOREM 4: Let A be an arbitrary symmetric operator with deficiency 
indices (m, n). Then A has a maximal symmetric extension. If m ~ n, 
then none of the extensions is self-adjoint. If m =w< o, then every 
maximal extension of the operator A is self-adjoint. If the deficiency indices 
m and n are infinite and equal, then A has maximal self-adjoint extensions 
and non-self-adjoint extensions. 


80. The Neumann Formulas 


We begin with some remarks about linear independence. In the very 
beginning of the book we introduced the concept of a linearly independent 
set of vectors. Now we introduce two more general concepts. 

Let us agree to call the linear manifolds M,, M.z,...,Mn (n< o) 
linearly independent if the equation 


Atht+...tfr=0 (j,EeM,: k= 1,2342257) 
implies that 
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If the manifolds M,, Mz,..., Mnare linearly independent, then it is possible 
to form their direct sum 

M,®M.@...@ Mn 
(we defined this in Section 7). 

Further, let M and M be two linear manifolds such that M < M. 
The vectors fi, fo, ..-,; of M are called linearly independent modulo M if 
from 

afitafet...t+af,EeM, 
it follows that 


6; = 4, = = a, =O, 


It is evident that a set of vectors in M which are linearly independent 
modulo M is also linearly independent in the ordinary sense. 
The dimension of M modulo M we define as the maximal number m 
of vectors in M which are linearly independent modulo M. We write 
dim M =m (mod M). 


If there are arbitrary many vectors in M which are linearly independent 
vectors modulo M, then we write 
dimM = oo (mod M). 
It is evident that the dimension of M modulo M does not exceed the 
ordinary dimension of M. 
We express the relation fe M also by 
f=0 (mod M) ; 
and then the equation 
f=g (mod M), 
means that f —geM. 
The dimension of M modulo M defined above is the ordinary dimen- 


sion of the quotient manifold M/M. 

THEOREM: Let A be an arbitrary symmetric operator with domain D, 
and let N; and N, (3z > 0) be any pair of its deficiency subspaces. Then the 
domain D4. of the operator A* has the following representation as the direct 
sum of three linear manifolds: 


D4 = D, @ MN; @ N.. 
Proof: Since the manifold D,. is linear and contains D,, Jz, and N,, 
D 4° > D, @ MN: (3) Ne. 


80. THE NEUMANN FORMULAS 99 


We show that, conversely, each fe D,. can be represented in the form 


(1) S=ho ee 8s, 
where? fp € D,, g, € Mtz and gz € Nt. Note that (1) yields 
(1’) A"f = Afy + zg, + 283. 


Let fe D,-. We decompose A*f — zf into its components in the 
orthogonal subspaces M, and MN,: 


A"f — 2f = (Afy — 2fo) + (2 — Z) &:. 
But A*g; = 2g; ; therefore 
ANS Jo 2,) = 2s Ho ee: 
We conclude that 
ft —fo — 8:€& Ms, 


I —So — 8 =8n 


I = focee ee 
To complete the proof of the theorem it remains to show that the 
representation (1) of each element fe D,. is unique. Assuming the con- 
trary, let us suppose that 


1.e., that 


Or 


Applying the operator A* to both sides of this equation, we get 
(2’) Afy + 2g, + 2g; = 0. 


Multiply (2) by z and subtract from (2’) to obtain 
Afy — 2fo + (Z — 2) 8; = 9. 
It follows from the orthogonality of the summands that (Z — z) 2g; = 0. 
In the same way we get (Z — z) g, = 0. Hence 
to =§; =—8:> 0, 
and the theorem is proved. 
From formulas (1) and (1’) it follows that, for each fe D,., 


(A*f,Sf) = (Afo + 282 + 282, fo + 82 + 8:) = 
= (Afo, fo) + [(Afo, 82) + 2(825f0) ] + [(Aso 82) + 2(82,f0) | + 
+ [z(g,, 82) + 2(8., 8.) | + (2(8., 8.) + 2 (82 8.) ] = 
= (Afo, fo) + [2( fo, 82) + 2(82 fo) | + [2 (fo 82) + 2 (82 fo) ] + 
(2 (25:83) 2 (22s) Ve [eles 2 ee. 


2 We recall (cf. item 2°, Section 78) that Jt, is the eigenmanifold of the operator A * associated 
with the eigenvalue z. Therefore, elements from tz we denote by gz. 
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Since the first four summands are real, 


(3) S(A*Zf) = Sz (lleell? — Ilgzll?). 

In correspondence with formula (3), the domain D,,. consists of three 
(nonlinear) manifolds: I’* (the set ofallelernents ffor which 3 (A*f, f)> 0), 
I~ (the set of elements f for which 3 (A*f, f) < 0) and F° (the set of ele- 
ments f, for which (A*f, f) is real). The element 


f=fot+8, + & 
belongs to ’*, '-, or I according as 
gel > igell, lg] <lgsi, or llg.| = Ilgzil. 

We derive next a representation similar to (1) for the domain Dj of 
an arbitrary symmetric extension A of the operator A. 

In order to indicate the dependence on z of the subsnaces F and G, 
which were introduced in Section 79, we write F, and G,. Thus F, < MN; 
and G, c ¥.. 

From the considerations of Section 79 it follows that 

Dz =(V—E)Dy =(V —E) (Dy @ F,) = 
=(V—E)D,»®@(V' —E)F,=D,9(V' —E)F, 
and 
Dj = D, ) (V' 7 E) ES 
if V’ is replaced by V in the previous equation. 
From A* = A it follows that if 


(4) f=fort §:z a Vv’, (2; E F,), 
then 

(4') Af = Afy + 2g, + 2V'g,. 

Formulas (1) and (4) will be called respectively the first and second 
Neumann formulas. 

Let the deficiency indices of the operator A and its symmetric exten- 
sion A be (7, 7) and (mm — p,n — p) where m,n< oo. Then the second 
Neumann formula yields 

dim Dz =p (mod D,). 

We now illustrate the above theory on the differential operator P 

which was introduced in Section 49. The equation 
P*g = 7g 
has the form 


dg, 
Se rs = (). 
Ae 
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Its formal solution is the function 

(5) g(t)= Ce". 

In the case with —co<t<oo, this function belongs to L? only for 
C =O. Hence, the deficiency indices of the differential operator P on the 
entire real axis equal (0, 0). In the case of the semi-axis (0 < t < o) the 
deficiency indices are (0, 1), since the function (5) belongs to L?(0, 00) for 
3z< 0 and does not belong to £20, 00) for 3z >0. Finally in the case of 
the interval (O < t S 27) the deficiency indices are (1, 1), since the func- 
tion (5) belongs to L7(0, 27) for any z. 

If we iet in formula (4) 


z= t, &: = e, V'g, ca Og, 
where g; = e?”"‘ and @(|6@| = 1) is a fixed constant and let arg @ vary 


in the interval [0, 27], then we obtain all self-adjoint extensions P of the 
operator P (for the interval [0, 27] ) in the form 


9 (t) = 9o(t) + a(e’ + Se"~‘), 
Po (t) = i9, (t) + ai (et — 6e?"~'). 


Here ¢,(0) = 99(27) = O and a is an arbitrary constant. 

It is easy to verify that this result coincides with the result of Section 
49; moreover the relation between the parameter here and the parameter 
there 1s given by 


81. Simple Symmetric Operators 


A symmetric (respectively, isometric) operator A is simple if there does 
not exist a subspace invariant under A such that the restriction of A to this 
subspace is self-adjoint (respectively, unitary). 

A symmetric operator A is simple if and only if its Cayley transform 
V is simple. This fact is a consequence of the following proposition. 

THEOREM |: A subspace G reduces a symmetric operator A if and 
only if G reduces its Cayley transform V. 

Proof: Choose he D, arbitrarily. Then 


h=(V—E)f, Ah=(2V —ZE)f (feD,). 


Assume that the subspace G reduces V and let P denote the operator of 
projection on G. Then 


PfeD,, VPf = PY. 


102 VII. THEORY OF EXTENSIONS OF SYMMETRIC OPERATORS 


Therefore, 
Ph =(V — E)PfeD, 
and 
APh = A(V — E)Pf=(2V — zE) Pf = P (ZV — zE) f=PAh. 


Thus, one of the assertions of the theorem is proved. 
We now prove the other assertion. Choose f € D, arbitrarily. Then 


f=(A—ZE)h, Vf=(A—ZE)h (heD,). 
Assume that the subspace G reduces the operator A. Then 
Pf =(A — ZE) Phe Dy. 
It remains to verify that 
VPf = PVF. 
Since 
VPf = V(A —ZE)Ph =(A —ZzE)Ph =P(A —zE)h = PV, 


the theorem is proved. 

If an isometric operator V is not simple, so that it has unitary restric- 
tions, then there exists a maximal unitary restriction of V (which is an ex- 
tension of every unitary restriction of V). Indeed, the maximal unitary 
restriction of the operator V is the restriction of V to the closed linear 
envelope G, of all the subspaces G invariant under V such that the restric- 
tion of V to G is unitary. 

Analogously, there exists a maximal self-adjoint restriction of a non- 
simple symmetric operator. 

LEMMA: Let V be an isometric operator with equal deficiency indices, 
U, its maximal unitary restriction and U any unitary extension of the operator 
V. Then Dy, is the orthogonal complement of the linear envelope L of the 
subspaces U'(H © D,) (Lk = 0,1, 2,...). 

Proof: The subspace G = H © Lis invariant under both U and U™?. 
Therefore, by Theorem 3 of Section 42, the subspace G reduces the oper- 
ator U. Let U’ be the restriction of U to G. Since G is orthogonal to L, 
it is also orthogonal to H © Dy,. Hence, 


GcDy,. 
By similar reasoning, 
Gc 4,. 
Hence, G reduces V and U’ is a unitary restriction of V to G. Therefore, 
(1) G < Dy, 
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But, on the other hand, 
Dy Cc Dy. 


This implies that Dy, is orthogonal to the subspace H © Dy. Since 
U'Dy, aE U'Dy, = Du, 


U*Dy, is orthogonal to H © D, fork =0,+1, + 2,.... Hence, Dy, 
is orthogonal to L, so that 
(2) Dy, < G. 


A comparison of (1) and (2) completes the proof of the lemma. 

The following result is an immediate consequence of the lemma. 

COROLLARY: Jn anonseparable space there exists no simple symmetric 
operator with equal and finite deficiency numbers. 

A further consequence of the lemma is the following. 

THEOREM 2: An isometric operator V with equal deficiency numbers is 
simple if and only if for each unitary extension U of V the linear envelope 
of the subspaces U*(H © D,) (+k = 0, 1,2, ...) is dense in H. 

From this theorem and Theorem | of Section 69 it follows that every 
unitary (self-adjoint) extension of a simple isometric (symmetric) operator 
with deficiency indices (1, 1) has a simple spectrum. 

Analogously, one proves the following general result. 

THEOREM 3: The multiplicity of the spectrum of a unitary (self-adjoint) 
extension of a simple isometric (symmetric) operator with finite deficiency 
indices (m, m) does not exceed m. 


82. The Structure of Maximal Operators 


Let the space H be separable and let {e,';° be any orthonormal basis 
for H. We define linear operators V, and V_ by the formulas 
V ey = Cpa y (k = l, 2. 3, easly 
Vie, = ey-4 (ke = 72. BAS x ans): 
It is evident that V, and V_ are isometric operators with deficiency indices 
(0, 1) and (1, 0) respectively. 
Since we wish to use the Cayley transforms A, and A_ of the oper- 
ators V, and V_, we must show that the manifolds 4,,(1) and 4,_(1) are 
dense in H. We present the proof only for 4,,(1). Letting 


f=e,+— 


beh, Feet eetent (2123.2 


3 Translator’s Note: In the German edition, there is the following additional statement: 
Such an operator V is simple if there exists a unitary operator U with the given properties. 
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we find that 


—] ] 
Cxpe Tees + ever) 


—] ] 
Cxsa bee. + e441] = 


— 


(C4 Crag tak oe Op) ee 


~|[— 


But 
7 ] 


en 


l 
Cntr + ese + sail HO pies) , 


whence we conclude that the basis vectors e,(k = 1, 2,3, ...) are limits 
of vectors of 4,,(1). Therefore, the manifold 4,,(J) is dense in H. 

The symmetric operators A, and A_ are maximal with deficiency 
indices (0, 1) and (1, 0) respectively. 

THEOREM 1: The operators A, and A_ are irreducible. 

For the proof it is sufficient to show (cf. Section 81) that the oper- 
ators V, and V_ are irreducible. We proceed to prove that V, is irre- 
ducible. Assume that the subspace F (and, hence, its orthogonal comple- 
ment G) reduces V, and let V.F = F, and V,G = G, so that 


Fa. €.F, G. < G. 


In the last two relations, simultaneous equality is not possible, for 
F, =F and G, =G would imply that V,H =H. Let, for example, 
FOF, 40 and 


fEFOF, (f#0). 
Since f € F, fis orthogonal to G. Hence, 
(1) fLF,@G,. 


From (1) it follows that f | e, (kK = 2,3,...). Therefore, f = ae,(a 40), 
whence e, € FO F, ande, e€F. 

Since F reduces V,, F contains e, (k = 2,3, ...) as well as e,. So 
F = H and the assertion concerning A, is proved. The proof for A_ is 
quite similar. 

Thus, the operators A, and A_ are irreducible and, hence, are simple 
symmetric operators. The importance of these operators is indicated by 
the following theorem. 

THEOREM 2: (J. von Neumann) Jf a simple symmetric operator A in 
the space H has deficiency indices (0, 1) (respectively, (1, 0) ), then the space 
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H is separable and the operator A is isomorphic to the operator A, (respec- 
tively, A_). 

Proof: Let us assume for definiteness that the deficiency indices of 
the operator A are (0,1). Let V be the Cayley transform of the operator 
A and let e, | 4,( |} e,|=1). We form the closed linear envelope M of 
the vectors V*e,= e,,,(k =0, 1, 2,...); M is a subspace with the ortho- 
normal basis {e,},”. 

Since M is invariant with respect to V and V~1, M reduces V and, 
hence, H © M also reduces V. The restriction of V to M 1s evidently iso- 
morphic to V, and, hence, has deficiency indices (0, 1). The restriction of 
V to H © M must be unitary since otherwise at least one of the deficiency 
indices of V would exceed the corresponding deficiency index of the oper- 
ator V, and, therefore, of the operator A. 

On the other hand, a simple unitary operator V has no proper unitary 
restriction. Thus, H © M = 0 and the operator V is isomorphic to V,. 
Hence, its Cayley transform A is isomorphic to A,. 

With the aid of the operator A , (respectively, A _) it is possible to con- 
struct a maximal operator with the deficiency indices (0, n), (respectively, 
(m, 0) ). For this purpose, it 1s sufficient to form the direct sum of separable 
Hilbert spaces H,, where a runs through a set of cardinality 1 (respectively, 
m), and in each of these to realize the operator A. (respectively, A _). 

As J. von Neumann first showed, 1n this way it is possible to get any 
simple maximal operator, 1.e., the following theorem holds. 

THEOREM 3: A simple symmetric operator A with deficiency indices 
(0, n) (or (m, 0) ) can be decomposed into a direct sum of operators A. 
(respectively, A _): 


A=), @A. , 
aeM 
where cardinality (M) = Nt; or, correspondingly 
A=) @Ar , 
aeM 


where cardinality (M) = m. 
Proof: Let V be the Cayley transform of the operator A, D, = H 
and H © D, = M, (dim M, = n). We let 
VEM, = My41 (Ke 0.1.. 2: «.3.3) 
and denote by M the closure of the linear envelope of the spaces M,(k = 
|S Saree 
In oes way as in Theorem 2, we get 
M; | M, (se ke 1. 15.2734) 
M = H. 
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Let e (k = 1, 2,3, ...) be a complete orthonormal system in M, and let 
H®™ be the closure of the linear envelope of the vectors e{?, e&, e& ,... 
The spaces H“ and H“ are orthogonal for a 4 a’ and the direct sum of 
all these subspaces is H. 

It is evident that each of the subspaces H® reduces V and that the 
restriction of V to H® is isomorphic to V,. The proof of the theorem is 
completed by means of the Cayley transform. 

Theorem 3 provides the answer to the question about the structure of 
simple maximal operators. 

The operators A, and A_ (respectively, V, and V_) will be called 
elementary maximal operators. 

With the aid of these elementary maximal operators it is possible to 
construct an operator with given deficiency indices (m, n). To accomplish 
this, one need only construct, by the described above method, operators 
with deficiency indices (m, 0) and (0, n) and then form their direct sum. 
However, an arbitrary simple operator with deficiency indices (m, n) in 
general can not be constructed from elementary maximal operators. 

As an illustration of the proposition of the present section we consider 
again the differential operator P on the positive real semi-axis. This oper- 
ator has deficiency indices (0, 1). In order to study the structure of the 
operator P we pass to its Cayley transform 


V =(P —iE)(P+ iE)’ 
and form the powers V“g, where g = e~' is a deficiency element of P for 


the point —/. Note that e~‘ is the Tchebysheff-Laguerre function of order 
zero with (cf. Section 11) the argument doubled: 


e-' = (21). 
We shall show that 


Vib (20) = b,41(22) (k = 0, l, Ze -% i 
We represent ¥,(27) in the form 


$21) =f +7) =(P + iE/f, 
where f (0) = 0. It follows that 


S() = —ie~' | Y4(2s) € ds, 


and, therefore, 


Vip,(2t) =(P — iE) f = —2e-' i by(2s) ef ds + , (22). 
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Thus, we must establish the identity 
bavi(20) = Ha(21) — 2e~* | du(2s) eds, 
0 


and this presents no difficulty. Since the Tchebysheff-Laguerre functions 
form a complete orthonormal system in L?(0, oo), the operator V is isomor- 
phic to V, and hence P is isomorphic to A,. 

Thus, Theorem 2 means that every simple operator with deficiency 
indices (0, 1) or (1, 0) is isomorphic to the differential operator P on the 
semi-axis (0, 00) or, correspondingly, (— ©, 0). 

The operator P of differentiation on the axis (— 0, 0) is evidently 
isomorphic to some self-adjoint extension of the operator 4, @ 4_. 
Thus, (cf. Section 77) we can prove by different means the unitary equival- 
ence of the differential operator P and the operator of multiplication by 
the independent variable. 


83. Spectra of Self-Adjoint Extensions of Symmetric Operators 


According to the general definition given in Section 43, the spectrum 
of a symmetric, but not self-adjoint, operator A contains the complement 
of the set of all points of regular type of A. However, the spectrum is not 
exhausted by this complement. For example, at least one of the open half- 
planes 3 z >0 and 3z< 0 belongs to the spectrum. Nevertheless, this 
complement forms a particularly important part of the spectrum. 

We shall call the complement of the set of all points of regular type 
of a symmetric operator the spectral kernel of this operator. In order to 
Classify the points in the spectral kernel of a symmetric operator A, we 
first denote by A, the restriction of the operator A to the subspace H © G,, 
where G, is the eigenmanifold of A corresponding to A if A is an eigenvalue 
of A and G, is the null manifold otherwise. 

In the spectral kernel we single out a particular subset. This is the set 
of all eigenvalues of the operator (it is empty if the operator is simple). 
We call this set the discrete part of the spectral kernel. 

Turning now to the characterization of the remaining part of the 
spectral kernel of the operator A, we remark that for each A the operator 
A,—AE has an inverse. The set of all A for which the operator (A,—AE) 7? 
is unbounded obviously belongs to the spectral kernel. We call this set 
the continuous part of the spectral kernel. Thus, every point of the spectral 
kernel belongs either to the discrete part or to the continuous part or to 
both simultaneously. 
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For a self-adjoint operator the concepts of regular point and point of 
regular type coincide. Therefore, the spectral kernel of a self-adjoint oper- 
ator coincides with the spectrum of this operator. Hence, the spectral 
kernel of a self-adjoint operator cannot be the empty set. For an arbitrary 
symmetric operator, such an assertion would be incorrect. 

If A is a symmetric (in particular, maximal or self-adjoint) extension 
of the operator A, then the spectral kernel of A contains the spectral kernel 
of A. Moreover, each of the parts (discrete and continuous) of the spectral 
kernel of A contains the corresponding part of the spectral kernel of A. 

We now consider a special case, for which the continuous part of the 
spectral kernel of the operator A is invariant for symmetric extensions of 
this operator. This happens if the deficiency numbers of the operator A 
are finite. In this case, by the second Neumann formula (cf. Section 80), 
the manifold (A, —AE)D3, where A is any symmetric extension of the oper- 
ator A, contains the manifold (4,—AE) D,. However, the difference in 
dimensions is finite (i.e., the dimension of the first manifold modulo the 
second is finite). Therefore, the operator (4,—AE)~! is bounded along 
with the operator (4, —AE) 71. 

From these remarks follow the simple theorem. 

THEOREM |: AI self-adjoint extensions of an operator with equal and 
finite deficiency indices have the same continuous spectrum. 

Concerning the set of eigenvalues in the spectral kernel we have 

THEOREM 2: For an arbitrary extension of an operator with finite defi- 
ciency indices (m,n) to a Self-adjoint operator, the multiplicity of an arbitrary 
eigenvalue is increased not more than m (in particular, the multiplicity of a 
new eigenvalue is not larger than m). 

Proof: Let A be a self-adjoint extension of the operator A and let A 
be an eigenvalue of multiplicity p of A. We assume that the multiplicity 
of \ as eigenvalue of the operator A is equal to p + q withg > m, contrary 
to the assertion of the theorem. We select a linear independent system of 
solutions fi, fo, ..->p, fpr +++>Sptq Of the equation Af—Af = 0, so 
that /, € D, fork s p. Since the dimension of Dz modulo D, is equal to 
m, there exists constants a, such that 


ai foes ae Oo frie ree a ae can te eD,. 


This equation implies that the multiplicity of A as eigenvalue of the oper- 

ator A is larger than p. Since this is a contradiction, the theorem is proved. 
The following theorem is in some sense a converse of Theorem 2. 
THEOREM 3: Jf A is a real point of regular type of a symmetric opera- 
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tor A with finite deficiency indices (m, m), then there exists a self-adjoint 
extension A of A for which the number d is an eigenvalue of multiplicity m. 

Proof: Let 9, denote the linear manifold of all solutions of the 

equations 

A*g — dAg = 0. 
By the theorem on the invariance of the deficiency numbers in the field of 
regularity (cf. Section 78), the dimension of Jt, 1s m. 

The domain D, of the operator A and the linear manifold §M, are 
linearly independent since, otherwise, the number A would be an eigen- 
value of A. Let 

(1) D=D,@0 %. 

Let A be the operator which coincides with A* on D = Dj. Then A is 
an eigenvalue of A of multiplicity m. 

We show now that the operator A is self-adjoint. For this it is sufficient 

to prove that A is symmetric, since it follows from (1) that 
dim Dj =m (mod D,). 
If fand g are arbitrary elements of Dj and 


Sah th (f:€ Dy, fe € Ny), 
= 21 Bs (g2:€Dy, g2€ N), 
then 
(Af, g) = (Afi, 81) + (A*f2, 81) + (AA, 82) + (A*fe, 82) = 
F = (Afi, 81) + ACfe, 81) + ACA 82) + ACSf2; 22) 
an 
(f, Ag) = (fi, 481) + (fy A*82) + (Se, 81) + fos A*82) = 
= (fi, Agi) + A(fi, 82) + ACS2, 81) + ACf2, 82). 


It follows that A is symmetric. 

In conclusion we give another theorem on the number of solutions of 
the equation 

A*g — Ag = 0 

for real A. 

THEOREM 4: Jf A is a symmetric operator with finite deficiency indices 
(m, m) and A is a real number not belonging to the point spectrum of the 
operator A, then the number m (A) of the solutions of the equations 


(2) A*g —dg = 0 
does not exceed the deficiency number m. 

Proof: We define the domain Dj by formula (1), where 9, is the linear 
manifold of the solutions of equation (2). Then A < A*. From the proof 
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of the preceding theorem it follows that A is asymmetric extension of A, 
so that 


m(A) = dim Dz S$ m (mod D,). 
We shall refer to this last theorem in Appendix II. 


84. The Formula of Krein for the Resolvent of the Self-Adjoint 
Extensions of a Symmetric Operator 


In this section we consider symmetric operators with equal and finite 
deficiency indices. 

Let A, and A, be two self-adjoint extensions of an operator A with 
finite deficiency indices (m, m): 


A,> A, A, > A. 
It is natural to call an operator C which satisfies the conditions 
(1) Are C, Axg>C 


a common part of the operators A, and A,. It is evident that there exists 
an operator C which satisfies conditions (1) and which is an extension of 
every common part of A, and A,. We call such an operator the maximal 
common part of A, and A,. The maximal common part either is an exten- 
sion of A or coincides with A and in the latter case we call the extensions A, 
and A, relatively prime. Two extensions A, and A, are relatively prime if 
and only if the conditions 


(2) heD,, heD,, 


imply that h e D,. 

If the maximal number of vectors which are linearly independent 
modulo D, and which satisfy conditions (2) is equal to p(O <p < m), then 
the maximal common part A, of the operators A, and A, has deficiency 
indices (m — p, m — p). In this case the operators A, and A, can be con- 
sidered as relatively prime self-adjoint extensions of Ag. 

The problem of the present section is the derivation of a formula 
which relates the resolvents of two self-adjoint extensions of an operator 
A. Let B be a fixed self-adjoint extension, B an arbitrary self-adjoint 
extension, and let R, and R, be their resolvents. Further, let A be any com- 
mon regular point of the operators B and B (in particular, A can be an arbi- 
trary nonreal number). 

In order not to exclude the case when B and Bare not relatively prime 
extensions of A, we shall consider them as relatively prime extensions of 
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their maximal common part A, which has deficiency indices (r, r) where 
O<rsm. 

We now let %,= 4,,(A) and N,= H © M,. Then the difference of the 
resolvents satisfies the formula 


=0 for feM,, 
(3) (R-RIS | on for fy I. 


This follows from the fact that, for each h € WN, 
({R,— RSA) =F, {Ri — RA) = (G (Ri — RBA) = (f,0) = 0. 
Now we choose any r linearly independent vectors g,(4), g.(/), ..., 


g (4) from 9, and r linearly independent vectors g,(A), g2(A),..., 2,(A) 
from 9). It follows from (3) that, for each fe H, 


(4) (R, — Ry) f= > CyB (A). 
By (4), the constants c, are linear functionals of f/ Hence, there exist vec- 
tors /,(A) such that 
Cc, = (Sf, h,().) (kK = 1, Sane 
Since the vectors g,(A), go(A), . .. , g,(A) are linearly independent, it follows 
from (3) and (4) that, for each f 1 Q,, 


(f,4,Q))=0 (kK =1,2,...,7). 
Therefore, 
h(a) € TN, (eS 2 ee h), 


so that each A,(A) has a representation of the form 

(5) h,(A) ae Di(A)gi(A) (k =e Ls Z a) r), 
and (4) can be expressed by 

(6) (R, — Rf = ys Piri) (Ff, gi) ) 8x(). 


We remark that the matrix function (p;,(A) ) = $B (A), which is defined 
on the set of all common regular points of the operators B and B, is non- 
singular. Indeed, if the determinant of (p;,(Ao) ) were zero then, by (5), the 
vectors h,(Ay) (K = 1, 2,..., 7) would be linearly dependent, and this 
would imply the existence of a vector h + 0 such that 


h 1 Ayo); he, (k = I, 2; ce ey r). 
Then it would follow from (4) that 
(R,, _ R,,) h=0. 
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This would contradict the fact that B and B are relatively prime extensions 
of the operator Ao. 

In (6) we omit the element fand consider the expressions (-, g,() )g,() 
(i,k = 1, 2,..., r) as operators in order to obtain, for each common 
regular point A of the operators B and B, the formula 


(7) R,=R, — > Pa) (-,9(4)) a Q). 


Until now the choice of the vector functions g,(A) and g,(A) (i, k = 
1, 2, ..., 7) have been arbitrary. At the same time the left member and, 
hence, also the right member of formula (6) is a regular analytic vector 
function of A. We show next that g,(A) (kK = I, 2,..., r) can be defined 
as a regular analytic function of A and then we obtain a formula for the 
matrix function $8 (A) which corresponds to this choice. 

With this purpose, we choose an arbitrary fixed value A, and introduce 
the operator 


° 


B—A,E ° 
Un = Baap TE +A WR 


with domain 
(B — \E)Dz =H 
and range 
(B — \,E) Dg = H. 
The operator U,,, is defined by the formulas 
(B — AE) f =h, 
(fe Da), 
(B — E) f = Unht 
from which it follows that U,,, determines a one-to-one correspondence 
of H to H. ; 
In the special case with A = /, the operator U,,, becomes the Cayley 


transform of B and it maps the deficiency subspace Jt;, of Ag into its defi- 
ciency subspace Jt,,. We show that, in general, 


Varo Nyy = My. 


Let 21(Ao)s Z2(Ao)> - - - s &-(Ap) be an arbitrary basis for Nj, (the vectors g,(Ao) 
are not necessarily orthogonal or normalized). Now, 


OR 4 (Ag) € IG 
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since 
ASU yap8(Ao) = AS {E + (A — Ao) Ra} 8x00) = 
= Nogy(Ag) + (A — Ao) B Rig (Ao) = 
= oBi(Ao) + (A — Ag) (E + 9.Ri) Bio) = 
= A{E + (A — Ao) Ra} gal Ao) 
= DN Uy Bx(Ao)- 


Since the operator U,,, is one-to-one, the vectors Uy) g,(Ao) form a basis 
for Jty. Hence, we may define the vectors g,(A) at each regular point A of 
the operator B by the formulas 


BA) = Vga &x(Ao) = Bx(Ao) + (A — Ao) Rago) (R= 1, 2y555.T): 


With the aid of the functional equation of the resolvent, it is easy to 
verify that 


(8) glu) = Ung (A) = g(a) +(e — A) Rug) 


for any two regular points A and p» of the operator B. 

The value of the matrix function $B (A) for any common regular point 
A of Band B is determined by its value §B (A,). In order to find the corre- 
sponding formula we make use of the functional equation of the resolvent: 


(9) R, 7 Ryo a (A —_ Ao) RyRro: 
On the other hand, by (7) 


Ry = Ra — pn, 82) ) 80), 
(10) i,k=1 


Ray = Rag — 2a Pirlo) (+, 8i(Ao) ) Bx(Ao)- 


Substitute (10) into (9) and use the functional equation of the resolvent 
R, to get 


— Spal) € 5812) ) 800) = — Y Pa(o) (+ 8:(20)) 84020) 
(II) —Q=A) > palo) (-, g(Jo)) Rage(ro) 
— (=A) > pal) (Rag: + 8:2) ) Bx A) 


+ AAs) SY Pal) (8:00) 8:(7) ) Plo) (8) Za) 840). 
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By means of (8), we express the sum of the second and third summands 
on the right in the form 


Dal) (+, 8(Ao)) {BuCAo) — Bx (A) } T > pul) (+, 81(A0) — g(A)) 8x(A). 
With this substitution, (11) yields 


=D pals) 8(20)) 84°) + 2 Pul®)( 8:(4)) B40) + 


+A) D> Pal) (Gio) 8:(2)) Pu) (°8)(4e)) 840A) = 0. 
Since the vectors g,(A) are linear independent, 
= Spas) (-584(20)) + PAOD 8(Ae)) + 
+O =A) SY pul) (860s 8:2)) Pu) 8A)) = 0, 
and, further, since the vectors g,(/o) are linearly independent, 
— Pils) + Pu) + A 2) Palo) (8.00)» 8D) Pu) = 0 
or, in matrix form, 


BA) — BA) + A — Ao) B Ao) ((8s(40), 84) ) ) BO) = 0. 


Multiply this equation on the right by $~'(A) and on the left by 
¥% -*(A,) to obtain finally the relations 


(12) D(A) = Qo) + A = Ao) (850) 8(4)) Jenz-1 > 


where Q (A) = P-'(A). It is not difficult to verify by means of (12) that, for 
any two common regular points A and yu of the operators B and B, 


QA) = Q(v) +A — ve) (8,4), 8A) 5 ja 


85. Semi-Bounded Operators 
A symmetric operator A is bounded below if 
(1) (Ah f) 2mifl? (n> — o) 
for each fe D,, and bounded above if 
(2) (Aff) = MIs I?  (M < o) 
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foreach/e¢ D,. We shall assume that the numbers m and M in the inequali- 
ties (1) and (2) cannot be improved. Thus, 


m=inf LD = xy = ye (ALS) 
red, (ff) reDq (AS) 


and we call m the /Jower bound and M the upper bound of A. 

A special case of an operator semi-bounded from below is the positive 
operator introduced in Section 41. The study of semi-bounded operators 
can be reduced to the study of positive operators. Indeed, the operator A 
has the lower bound m > —oo if and only if the operator A — mE is 
positive. 

If A is a positive operator, then the negative semi-axis belongs to its 
field of regularity, since the inequality 


(Af, f) 20 


implies, for negative 4, 


(A — AE) S|? = || Af |i? — 2A(AG SP) + iS IPF 2 PIS? 
and, hence, 
(A — AE) FI 2 AT WS I 
Therefore, by proposition 1° of Section 78, a semi-bounded operator 
has equal deficiency numbers and has self-adjoint extensions. If the nega- 
tive semi-axis belongs to the field of regularity of a symmetric operator A 


then it is not necessarily true that A is positive,’ unless A is self-adjoint. In 
the latter case, for each fe D,, 


(AGS) = | ESS) = | dL) 20. 


The square of any self-adjoint operator is a positive operator. Con- 
versely, any positive self-adjoint operator A can be represented in the form 
of the square of some self-adjoint operator B. Indeed, if 


q2 | t dE, 
0 
then it is possible, for example, to let 
B= { /TdE,. 
0) 


4 For example, for the differential operator on a finite interval, the field of regularity is the 
entire plane, but this operator is not semi-bounded. 
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If a semi-bounded operator has finite deficiency indices, then all of 
its self-adjoint extensions are also semi-bounded. Moreover, the following 
theorem holds. 

THEOREM 1: Jf A is a positive operator with the finite deficiency indices 
(m, m), then each of its self-adjoint extensions has only a finite number of 
negative eigenvalues, and the sum of the multiplicities of these eigenvalues 
does not exceed m. 

PROOF: Let A be some self-adjoint extension of the operator A and 

A= | tdE,. 
Further, let 4, denote the interval (— oo, —e). To establish the theorem 
it is sufficient to prove that, for each e > 0, the dimension of the subspace 
E(4,)H does not exceed the deficiency number m. 
We assume that for some ¢ >0 


(3) dim E(4,)H> m. 
Since 
dim Dz; =m _ (mod D,), 


there exists a vector fy which is both in D, and in the subspace E (4,) H. 
Then 


—€& 


(Afo, fo) = (Afor fa) = | 14(E, for fo) <0. 
Since this contradicts the fact that A 1s positive, the theorem is proved. 

We present another theorem about self-adjoint extensions of semi- 
bounded operators with arbitrary deficiency indices. 

THEOREM 2: A_ semi-bounded operator A with lower bound m has a 
self-adjoint extension A with lower bound not smaller than an arbitrarily 
pre-assigned number m' < m. 

Proof: First, we prove the theorem for m = 1 and m’= 0. In this 
case, 


(Af) S(ALS) S MAF: ISI, 
so that 


| AFI 2 IF 


and 
|| Af — Ag || 2 If— gl. 
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It follows that A~* exists as a bounded operator defined on the subspace 
A,. Repeating the argument of item 2° of Section 78, it is easy to see that 

Ny — H Ss A, 
is the eigenmanifold of the operator A* which belongs to the eigenvalue 
A = 0. The subspace 3, and the manifold D, are linearly independent 
since if an element g belongs to both 93t, and D,, then Ag = 0, which 
implies that g = 0. 

We define an extension A of the operator A on the domain 

Dz = Ds, © N 

by the formula 
Ah = Af 
with 
h=f+eg, feDs gen. 

It is evident that A is a symmetric extension of A, since if 


hy, he Dz (h, =fi t+ 8 fie Da, 9;E No, 1 = 1, 2), 
then 


(Ah, he) = (Afis fo + 82) = (Afi fe) = 
= (fi, Afr) = (fh + 81, Af) = (In, Ahy). 

Furthermore, it is evident that the subspace 9, reduces 4 since 
Ng < Dgzand Ah = Oforhe Ny. Both M, and its orthogonal complement 
4, are reduced by the operator A. Let A’ and A” be the restrictions of 
A to 4, and Mp. 

The range of the operator A’ is the subspace 4, and, hence, (cf. Sec- 
tion 41), A’ is self-adjoint. Since A” = 0, the operator 


~~ 


A — A’ @ A” 
is also self-adjoint. 
Furthermore, for 


h=f+g (feDs,geN), 
we have 


(Ah, h) = (Af, f+ 8) = (ALS) = Iifil? = 0, 


so that the lower bound of the operator A is not negative. Thus, the theorem 
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is proved for the case with m = | and m’= 0. It Is easy to see that the 
general case is reduced to the case considered by the linear transformation 


| ea MR gee LOY 
m—m m—m 

The theorem proved above was established by J. von Neumann. In 
this connection J. von Neumann made the conjecture that the theorem is 
true with m’= m. Later this conjecture was proved by Stone and Fried- 
richs, but these authors left open the question of the uniqueness of the 
extension with preservation of the lower bound. 

A complete theory of the self-adjoint extensions of semi-bounded 
operators with preservation of the lower bound and also the application of 
this theory to differential equations is due to Krein. A presentation of 
these results exceeds the scope of this book. 

Concluding the present section, we prove a proposition which Is a 
generalization of the theorem of Section 33. There we introduced the 
notion of inequality between projection operators. Now we introduce the 
concept of inequality between bounded self-adjoint operators. We write 


B2A 


if B—A is a positive operator. 
LEMMA: A monotone increasing sequence of positive self-adjoint oper- 
ators 


0<A,<A,<A3<... 


with bounded norms 
|| An || S$ N (n = 1, 2, 3,...) 


converges strongly to some limit operator. 
Proof: First we remark that if B is a positive self-adjoint operator 
with norm less than or equal to one, then B? S B,1.e., 


(BAS) S (BAS). 
This fact follows immediately from the spectral representation of the 


operator B, but it can be established also without the application of the 
spectral representation in the following way. Since || B || < 1, 


(BS) (LS), 


and, hence, 


Scf. M. G. Krein [3], [4], Vol. I. 
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Also 

(E— B)B(E—B)20, B(E—B)B2), 
since 

({E — B} B{E— Bf f) = (BiE— BS {E— Bf) 29, 
(B{E — B} BLS) = ((E — B} Bf, Bf) 2 9. 

But, on the other hand, 

(E— B)B(E— B)+ B(E—B)B=B- B. 
Hence, we conclude that 

B-— B20. 
Turning now to the proof of the lemma we Jet VN = | without loss of 

generality. Since the numerical sequence {(Anf, f)}7°, where f is a fixed 


element of H, is monotone and bounded, it converges to a finite limit. 
Therefore, for sufficiently large p, and for n >m > p, 


On the other hand the identity 
({4n —AnkfS) + (An SS) =(AnfS) 
and the positivity of the summands yield 
| An — A,, || 3 1. 


By the remark which was made in the beginning of the proof, we 
obtain 


(An — An) SI? = {An — Amb (An — Ant f) = 
= ({4n — An} FS) & 1An — An hS) ES 6 


and the lemma is proved. 


86. Some Remarks about the General Theory of Extensions 


The presentation in the present chapter of the theory of extensions is 
based essentially on the assumption that the domain of the operator to be 
extended is dense in H. This assumption was included in Section 41 for 
the definition of the concept of a symmetric operator. 

Some questions reduce, however, to the consideration of operators 
with domain not dense in H which satisfy the conditions 


(Af,g) =(f,Ag) (fgeD,). 
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Such operators are also called symmetric. The theory of extensions of 
von Neumann does not apply to them. In particular, this theory leaves 
Open even the question of the existence of self-adjoint extensions for 
bounded operators which are symmetric in the extended sense. This last 
question was resolved in the affirmative by Krein®, who established the 
existence of self-adjoint extensions of a bounded operator with preserva- 
tion of the norm, described these extensions and also gave a criterion for 
their uniqueness. 

Recently Krasnoselski’ considered the question of symmetric exten- 
sions of symmetric operators with nondense domain in complete generality. 
He showed that every closed symmetric operator has maximal symmetric 
extensions. If the deficiency indices of such an operator are equal (and 
only in that case) then it has self-adjoint extensions. The self-adjoint exten- 
sions are characterized by formulas similar to formulas (4) and (4’) of 
Section 80. 

In conclusion it 1s necessary to remark that for the construction of 
the theory of extensions in such generality one must assume that the oper- 
ator has a closure. For operators with nondense domains, the existence 
of closure is not a consequence of symmetry. 

The extension of a symmetric operator with a nondense domain for 
the case when the closure of the domain contains its range was studied 
first in a remarkable work of M. A. Naimark in connection with the con- 
struction of the theory of generalized spectral functions. The presentation 
of the theory of M. A. Naimark forms the main part of Appendix I. 


Scf. M. G. Krein [3], [4], Vol. I. 
“cf. M. A. Krasnoselski [2], Vol. I. 


Appendix I 


GENERALIZED EXTENSIONS AND 
GENERALIZED SPECTRAL FUNCTIONS OF 
SYMMETRIC OPERATORS 


1. Generalized Resolution of the Identity. Naimark’s Theorem! 


A generalized resolution of the identity 1s defined as a one parameter 
family of operators F, which satisfy the following conditions: 


(A) Each difference F,,— F,, where f,>%,, is a bounded positive 
operator, 


(B) F26 aa Ey 

(C) Fos = 0, Fo = £. 

In contrast with the definition of the ordinary resolution of the identity 
(cf. Section 61) it is not assumed here that the operators F, are projections. 
Furthermore, we do not assume here the earlier orthogonality condition, 

(1) FoF £. (s = min {u, vy} ), 


since (1) and (A) would imply that F, is a projection operator. 

In view of the lemma of Section 85 on monotone sequences of oper- 
ators, any family of operators F, which satisfy condition (A) can be modi- 
fied or “‘normalized”’ so that condition (B) is also satisfied. 

The ordinary resolution of the identity is a special case of the general- 
ized one. Sometimes the latter is called simply the resolution of the identity 
and the ordinary one is called the orthogonal resolution of the identity. 

In terms of F, we define a positive additive operator function 


F(4) =F, =F, — F,, 
of an interval 4 = (f,, f.), where ft, < fo. 
A simple example of a generalized resolution of the identity is given 
by 
Fy = wy Ey? + pek;,”, 


1Cf. M. A. Naimark [1], [4], Vol. I. 
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where E® and E® are arbitrary orthogonal resolutions of the identity and 
wu, and ps, are any positive numbers, such that p, + p, = 1. 

A more instructive example is given by the operator function F, which 
is obtained by the following construction. Let EF, be an orthogonal resolu- 
tion of the identity of the space H, let G be a subspace of H, and let P be 
the operator of projection of H onto G. We define 


F, = PE,, 


and consider F, as restricted to G. It is easy to see that F, satisfies conditions 
(A), (B), and (C) and, hence, is a resolution of the identity (not necessarily 
orthogonal) of the space G. 

Naimark proved that every generalized resolution of the identity of 
the space H can be obtained by the method described above if one imbeds 
H ina particular space H*. For the proof of the theorem of M. A. Naimark 
we need a certain important method for the construction of Hilbert spaces. 
We first present this method. For this purpose we introduce the concept 
of a positive-definite function. A scalar function @ ( f, g) which is defined 
for each pair f, g of elements of some set R is called positive-definite if 


? (fj, 9) = %(g, f) 


for all f, g in ® and if for arbitrary f,, fo, ..., fn (7<00) in R the quadratic 
form 


DO fe) fb 


iS non-negative. 
An example of a positive-definite function of a vector pair in Hilbert 
space is the scalar product, since 


(J, 8) = (gf), 


and 
Lh é, é, = D> Efe > 0. 


On the other hand, if a positive-definite function of a pair of elements 
of an arbitrary set R (no algebraic operations are defined in §) is given, 
then this set can be made into a Hilbert space. To be precise, R can be 
imbedded in a Hilbert space Ht such that the scalar product of f and g in 
R is defined by 


(f, 9) = 9 (7, g). 


To construct H* we complete & to a linear space R, in which we introduce 
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formally the finite sums 
az n 
f =< E; iF 
i=! 
for arbitrary f;¢R and arbitrary numbers é(i = 1,2,...,”). For 
elements 


f= Des ’ 9 = Dong 


in ® we define a scalar product by the formula 


3 


(f, 9) = DU (fe, Ge) £5 Me 


The scalar product thus defined has all the properties listed in Section 
2, Chapter 1, with the exception of perhaps one; namely, it is possible that 


(2) (,f)=0 for 40. 

If we retrace the proof of the Cauchy-Bunyakovski inequality in 
Section 2, we see that this proof is valid for the scalar product defined above 
(strictly speaking, we should call it a quasiscalar product). Thus, 


(3) Eg 2 SENG 9). 
From this inequality it follows that the set St of all elements f for which 
(f, f) = Ois a linear manifold. 

In order to remove the defect indicated by (2), we introduce the 
quotient space 


Rt = R/N. 
Elements of the space R* are the sets in % < ® such that if fo E %, then 
¢ consists of all the elements 
f me i- =e G, 
where g is an arbitrary element of N. Multiplication of an element % of 
Rt by a scalar A is defined such that the product Ay consists of all the 
elements Af where f € &. The sum in R™ is defined analogously. 
The scalar product of two elements % and © in Rt is defined by the 
equation 
(4) (3G) =(9) Ge& ge6). 
Using (3), it is easy to conclude that the scalar product ( %, 6) does not 
depend on the choice of the representatives f and g and, hence, that defini- 
tion (4) is unambiguous. The scalar product (%, 65) now has without 
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exception all the properties listed in Section 2. The completion (cf. Section 
3) of the inner product space R* is a Hilbert space which we denote by 
H*. This space H®* is the one sought. 

Now we come to the theorem of Naimark. 

THEOREM: Let F, be an arbitrary resolution of the identity for the space 
H. Then there exists a Hilbert space H* which contains H as a subspace 
and there exists an orthogonal resolution of the identity E;* for the space 
H* such that 

F, f = PT ES f 

for each f € H where P* is the operator of projection on H. 


Proof: Consider the set R of all pairs p of the form 
p= {4, f}, 
where 4 is an arbitrary real interval and fis an arbitrary vector of H. On 


R we define a function ® (p,, p.) such that ifp, = {4,, ff} and p, = {4,, fi}, 
then 


P (pi, P2) = (Fi, . a,J 12): 
We show that the function ® (p,, p,) is positive-definite. Indeed, 
(Pi, Po) = (Fu, - 4, SsSo) = (Ay Fa, + 4, fe) = (Fy, - 4, Sofi) = 2 (Pe, Pi) 


and, on the other hand, 
(5) SC Pad Sib = SO Fay ay Soda) 81 be 

If the intervals 4; (i = 1, 2,..., ) are pairwise disjoint, then 
(6) SY Fay aphrhd ibe =X Fafof)|& i? 2 0. 


If the intervals 4,(i = 1, 2,..., m) are pairwise disjoint and the intervals 
4, and 4, coincide, then the sums in the right member of (5) fall into two 
parts. One part, with indices from 3 to n, is of the form (6), and the other 
part, with indices | and 2, satisfies 


2 - 2 7 Z Z 
De Fay apfirfe) bbe = 3) (Fateh) be = (Fa, 30 bilio DY Eafe) 2 0. 


The case with arbitrary intervals 4,7 = 1, 2,...,) can be reduced, 
with the aid of additional partitions, to the cases already considered. Hence, 
if 4,0 4, =0, then 

Higeaycacd. g)= (F,, *4,+4, 4, Js &) = (F,, . ree g)+ (Fy, . ee g). 


Thus, © (p,, p.) 1s a positive-definite function on R. 
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Using the method described earlier we imbed R in a Hilbert space 
H*. 

Not desiring to introduce new notations for those elements $B of the 
space H* which are subsets of by the construction described earlier, 
we agree on the following: if an element p of R belongs to ‘$8 then we write 
p instead of SB. 

We indicate the scalar product in the space H* by the symbol ,, and 
have 

(Pi, Po), = P (Pi, Po). 

We now consider elements of H* of the form {/, f}, J = [—, o]. 

By means of the equation 


CLS}, (Labs =(AS 8) =(L2), 


we can identify the pair {/, f} with the element f from H. The element 
» & U1, fj of the space Ht is identified with the element >> é, f, of the 
k=] k=1 


space H. Thus, H can be considered as a subspace of the space H*. 

We now solve the following problem: find the projection of the element 
{4, f} of the space H* on the subspace H. We denote the projection to 
be found by {/, g}. For each A of H, 


( {4, f} = U, g}, {/, h}).. = 0, 
Or 
C14, f3, (643 )4 — Ch gh, (Abs = (Fa) —(8,h) =(Fuf— 8h) = 9, 
so that 


g=Fyf, 
1.€. 


(7) PY{A, SF} =U, Fa}. 
The theorem will be proved if it is established that the operator func- 
tion EZ, which is defined by 


(8) Ex{4’,f} ={40 4 f} 
for each element of the form {4’, f} ¢ H* is an orthogonal resolution of 
the identity for the space H*, since then (7) can be expressed in the form 
PYEZ f = PT ESS} =PUANLS} =PUAS} =U Fah} = Faf 
for each fe H. 


It is evident that EZ is an additive operator function of an interval. 
Furthermore, the two equations 


(Es) (4', f} = ES{4N Af} = {40 AN 4 f} = Es 4S}, 
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and 


(Ez Cee ee {4”, g} )+ = ( {4 ™ 4’, f}, {4”, g} )4 = 
= (Fy.g-ar fo 8) = (Fara. Ss 8) = A'S}, Es {4", gh 4; 
imply that Ej isa projection operator. Finally, itis evident that E; {4’, /} = 
{4’, f}. 

Since the family of all elements of the form {4’, f} is dense in H™, 
the extension to H* by continuity of the operator E, defined by formula 
(8) is an orthogonal resolution of the identity for the space H*. The 
theorem is proved. 


2. Self-Adjoint Extensions to Larger Spaces and Spectral Functions of 
Symmetric Operators? 


In the present section we apply the concept of the orthogonal sum of 
the spaces H, ® H,. A special case (H,; ® H,) of this concept occurred 
in the definition of the graph of an operator (cf. Section 46). The orthogonal 
sum 

(1) H* = H, ® H,. 


of two arbitrary Hilbert spaces H, and Hgis the set of all pairs f+ ={ f, ft} 
with /, ¢ H, and /, e¢ H,. The algebraic operations and the metric are defined 
analogously to those introduced in Section 46. 

It is evident that H* is a Hilbert space. If H, and H, are identified 
with the sets of all pairs { f{, 0} and {0, f2} with f, ¢ H, and /, € H2, then 
H, and H, can be regarded as mutually orthogonal subspaces of H™. 
After the construction of H*, formula (1) can be considered as a decomposi- 
tion of H*™ into an orthogonal sum. 

A generalization of the concept of a symmetric extension 1s basic for 
our further considerations. Let A be a symmetric operator which is defined 
in a space H and let H* be a Hilbert space which contains H. In supple- 
ment to the definition in Section 41, we shall call each symmetric (in 
particular, self-adjoint) operator B* which is defined in H* and is an exten- 
sion of the operator A, a symmetric (in particular, self-adjoint) extension 
of the operator A. 

The concept of an isometric (in particular, unitary) extension of an 
isometric operator is generalized analogously. It is evident that the Cayley 
transform of a symmetric extension B* of an operator A is an isometric 


_ #Cf. M. A. Naimark [2], [1], Vol. 1. Before Naimark constructed the general theory which 
is presented in this and the following section, separate results were obtained by different 
methods by A. I. Plesner [4], Vol. I, and N. I. Akhiezer [4], Vol. I. 
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(respectively, unitary) extension of the Cayley transform of the operator A. 
Conversely, the Cayley transform of an isometric (unitary) extension of 
an isometric operator is a symmetric (respectively, self-adjoint) extension 
of the Cayley transform of this operator. 

For H* =H we obtain the ordinary symmetric and isometric exten- 
sions which have been considered heretofore. 

Let B* be an arbitrary symmetric extension of the operator A. Then 
the following relation holds: 


D, oa Dai OH as D 5+. 


It is convenient to classify the symmetric extensions B* of an operator A 
by the following scheme. 


Extension of typeI: D, #Dgi NH = Dg; this extension 
coincides with the ordinary one. 


Extension of type II: D, = DgiNH 4 Day. 
Extension of type II]. D, 4~D,g: AH 4 Da:. 


Thus, the ordinary symmetric extensions (i.e., those which do not extend 
beyond the space) are extensions of the first type, and symmetric extensions 
which do go beyond the space are of types II and III. It 1s evident that a 
maximal operator has only symmetric extensions of type II. 

If a symmetric extension B~ of an operator A is reduced by a subspace 
G* c H* OH, then we shall always exclude G* from H™ (i.e., we replace 
the space H* by the space H* © G* and the operator Bt by its restriction 
to H* © G"). Under this condition, a self-adjoint operator admits no 
symmetric extensions. 

We now turn to the fundamental theorem of the present section. 

THEOREM |: Every symmetric operator A defined in a Hilbert space 
with arbitrary deficiency indices (i, n) can be extended to a self-adjoint 
operator B* which is defined in a space Ht > H. 

Proof: In some space H’ of sufficiently large dimension we construct 
a symmetric operator A’ with deficiency indices (n, m). (One can, for 
example, choose H’ isomorphic to H and JA’ isomorphic to (—1) A). We 
now construct the space 


H+ =H@H’, 
and we introduce in this space the symmetric operator 
A*=AQ@A’. 


It is evident that A~ is a symmetric extension of A of type I]. For 
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the proof of the theorem it is sufficient to establish that the operator At 
can be extended to a self-adjoint operator. Hence, we must verify that At 
has equal deficiency indices. For 3 z 40, 


MPF = (At —2E*)Dygy =(A* —2ZE*)(D, @ Dy) = 
= (A —zE)D,@(A’ —ZzE’)Dy = M, OM, 


or, passing to the orthogonal complement of the corresponding manifolds 
M+, Mt, and Mt, in the spaces Ht, H and H’, 

NF =NO@ M. 
It follows that the deficiency indices of the operator A‘ are (m + u, 
m +n). Thus, the theorem is proved. 

If we choose the space H’ and the operator A’ in a different manner, 
then we obtain different self-adjoint extensions of A. 

The operator Bt constructed in the proof of Theorem 1 is, generally 
speaking, an extension of type III of the initial symmetric operator A. 
However, it is always possible to require that B* be an extension of type II 
of the operator A. For this, it 1s sufficient to construct a unitary operator 
U* such that 

UR, = MN, 
and to define B* as the Cayley transform of U*. 

By the theorem just proved, we show now that an arbitrary symmetric 
operator has an integral representation similar to the one for self-adjoint 
operators which was derived in Chapter VI. Thus, let A be a symmetric 
operator in H. We extend? it to a self-adjoint operator B* and we pass 
from the space H to a larger space H*. Let E*(4) be the spectral function 
of the operator B* and P* the operator of projection of H* on H. Finally, 
let 

F (4) = PTEt(4). 
For arbitrary elements fe Dz, and geH", 


ioe) 


(BYf, 8) = | (Et f,2), 


- @ 
le @] 


| Bf le = | rd(Etff). 


- @ 


In particular, if fe D, and g eH, then these formulas can be written in 


We do not assume here that the extension is defined by the special procedure used in the 
proof of Theorem 1. 
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the form 
(2) (Af, g) = | dF hg) 
(3) | Af |? = | rd (Eff). 


Thus, we obtain an integral representation of an arbitrary symmetric oper- 
ator which is similar to the integral representation of a self-adjoint oper- 
ator. 

In view of similarity of the formulas (2) and (3) to the representation 
obtained in Section 66 for a self-adjoint operator, we now give the follow- 
ing definition which generalizes the concept of the spectral function. 

DEFINITION: Jf A is a symmetric operator and F, is a resolution of the 
identity such that formulas (2) and (3) hold for arbitrary fe D, and g € H, 
then F, is a spectral function of the operator A. 

Before we compare formulas (2) and (3) with the integral representa- 
tion of a self-adjoint operator obtained earlier, we show that the method 
used in the derivation of these formulas is general. Namely, the following 
theorem holds. 

THEOREM 2: Every spectral function of a symmetric operator A which 
is defined in H has the form 

F, = P°EY, 
where E* is the spectral function of some self-adjoint extension B* of the 
operator A, obtained with the aid of an extension of H to H* > H, and P* 
is the projection operator of H* on H. 

Proof: By means of the theorem of Naimark we construct the space 
H* and, in it, an orthogonal resolution of the identity E;* such that 


(4) Fi J-=2P Es 
We show that the operator B*, defined by 


[aErs 


for all fe H* which satisfy the inequality 


lo @) 


| Pd EF LN < @, 
is a self-adjoint extension of the operator A. From Theorem | of Section 
66 it follows that the operator B* is self-adjoint. 
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If fe D,, then fe Dz,, since 
[ ear tA) = | Pd ESS) = AfIR< ©. 
Furthermore, for fe D, and ge€H, it follows from the equation 


ie @) io, 9) 


(Afa) = | d(Ffg) = | rd (E* Sg) = (B28) 
that ~ 
(5) Af=P*Btf (feD,). 
But, for fe D,, 
(6) 1Afih= [Aah = | ed Eth) =I BSI. 


From (5) and (6) it follows that 
Af=Btf (feDay). 

It can be shown that the operator B* is reduced by no subspace of 
H*t OH. Indeed, if a subspace G of H* © H reduces the operator Bt 
then it also reduces the resolution of the identity E;* and the exclusion of 
G from H?* will reduce to the exclusion of the restriction of the operator 
E; to G. This does not affect formula (4). Thus, the theorem is proved. 

If a spectral function F, of a symmetric operator is represented in the 
form (4), where E,* is the spectral function of a self-adjoint extension B* 
of the operator A, then the spectral function F, is generated by the self- 
adjoint extension B*. Thus, every self-adjoint extension of the operator A 
generates some spectral function of this operator, and conversely, every 
spectral function of the operator A is generated by one of its self-adjoint 
extensions. 

We present now several facts which will clarify the interrelation 
between the new and old definitions of a spectral function and which 
indicate to what extent there is an analogy between the representation (2), 
(3) and the spectral representation of a self-adjoint operator. 

1° The spectral function of a self-adjoint operator defined in Chapter 
VI is its unique spectral function in the sense of the definition of the present 
section. A self-adjoint operator does not have other spectral functions 
since, by our theorem, every such spectral function must be generated by 
a self-adjoint extension and a self-adjoint operator does not have such 
extensions. 
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2° From formula (3) it follows that the integral 


CO 


(7) [Paty 


- @ 


converges for each fe D,. The converse statement, generally speaking, is 
not correct. It is possible to assert only that if the integral (7) converges 
for some f € H then 


roe) 


(8) | PaET SS) < @. 

Thus the vector f belongs to the manifold Dz, Q H. This coincides with 
D, if and only if B* is an extension of type II of the operator A. 

Thus, only those spectral functions of the operator A which are gener- 
ated by self-adjoint extensions of type II of A characterize the domain D, 
as the set of vectors for which the integral (7) converges. In particular, 
the domains of maximal operators are characterized by the spectral func- 
tions and by inequality (8), since such operators admit only extensions of 
type II. 

In the general case the spectral function F, of the operator A, generated 
by a self-adjoint extension B*, characterizes the domain of the operator 
C = P*B*P~. This is a symmetric extension of type I of A with a maximal 
domain D¢ which satisfies the condition 


(9) D, < De Cc Dai. 


With this point of view it would be natural to consider the resolution 
of the identity F, not as a spectral function of A but of C and, in correspond- 
ence with this, to include in the definition the requirement that the resolu- 
tion of the identity F,, apart from the representations (2), (3), define still 
the domain D, by the inequality (8). However, it seems impractical to 
include in the definition an additional requirement concerning the charac- 
terization of the domain D,. Thus, the definition admits that a single 
resolution of the identity may be the spectral function of two different 
operators (for example, the operators A and C = P* B*P~). In particular, 
the spectral function of a self-adjoint extension of type I of a given operator 
A with equal deficiency numbers is the spectral function of the same oper- 
ator A and of each operator C such that C c B. 

3° From the preceding it follows that every symmetric operator 
corresponds to some set of spectral functions and that one and the same 
spectral function corresponds to some set of symmetric operators. 
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In connection with this, there arises the question: is every resolution 
of the identity the spectral function of a symmetric operator? In the case 
of the orthogonal resolution of the identity a positive answer to this ques- 
tion was given by Theorem |, Section 66. 

If, however, F, is a nonorthogonal resolution of the identity then it 
is impossible to assert that the set of vectors for which the integral on the 
right side of equation (3) exists will be dense in the space H. In fact, as 
Naimark observed, there exist resolutions of the identity such that the 
integral on the right side of equation (3) does not converge for any vector 
jf +40. As such an example,‘ we consider the operator function defined on 
the space H by the equations 


0 r<0 


1 
etE t>0Q. 


It is evident, the operator function F, satisfies conditions A, B, C in section 
1° and, hence, is a resolution of the identity. However this resolution of 
the identity is not a spectral function of any symmetric operator, since the 
integral 

[eats =I | eder= (Ls) | era 

-~o 0 0 
diverges for each vector f+ 0. 

4° In Chapter VI it was shown that for a self-adjoint operator the 

representation (2) holds in the “strong” sense. In the case of the non- 
orthogonal resolution of the identity the transition from the ‘‘weak”’ 
representation (2) to the “‘strong’’ representation 


(10) Af = | tF,f 


is impossible. Therefore, we regard equation (10) only as a symbolic entry 
of the formulas (2) and (3). The concept of the integral in the strong sense 
in the case of nonorthogonal resolutions of the identity is not introduced. 

5° From the property of the orthogonality of the spectral function 
E, of a self-adjoint operator, it follows that for each finite real interval 4, 
the vector E (4) f with fe H belongs to D, and 


(AE (4) fg) =| 1d (ES) 


4 


*For this example we thank M. A. Krasnoselski. 
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foreach g € H. This important fact which we applied repeatedly in Chapter 
VI does not hold for the integral representation of symmetric operator 
considered here (even if we restricted ourselves to spectral functions gener- 
ated by extensions of type If). 

However the following proposition is correct: if A is a symmetric 
operator, if F, is its spectral function, if 4 is a finite real interval, and if g 
is an arbitrary vector in H, then for each h € H, 


F(4)geD,* 
and 


(A*F (4) g,h) = | 1d (Fe, h). 


4 


Indeed, if B*t is the extension which generates F, and if P* is the operator 
of projection of Ht on H, then for each fe D, 


(1) (Af, F(A)g) = (B*S, P*E*(4)g) = (BS, E*()g) = 
= [dr fg) = [racer sPte) = [rae he). 


4 4 


But the integral 


[ 4A) 


34 
is a bilinear functional of / and g on H and, therefore, has a representation 
(h, Cg) where C is a bounded operator. It follows that 


(Af, F(4) g) = (f, 8"), 
and, hence, 
F(4)geDy. 
Therefore, (11) yields 


(f, A*F (4) 8) = | td(F.fg) 


Since D, is dense in H, this equation holds for an arbitrary vector h eH. 


3. Spectral Functions of Symmetric Operators and 
Generalized Resolvents 


We now consider an operator function R., which is related to the spec- 
tral function of a symmetric operator in the same way that the resolvent 
of a self-adjoint operator is related to its spectral function. 
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DEFINITION: Let A be a symmetric (but not self-adjoint) operator. 
Let B* be a self-adjoint extension of A such that B* is defined in a space 
H* > H. Let Rj be the resolvent of B*. Finally, let P* be the operator of 
projection of H* on H. The operator R, defined on H by 


R. = P*R? 


for each nonreal z, is called a generalized resolvent of the operator A. 

If the operator B* and R, are related as indicated in the definition, 
then we say that the generalized resolvent R, is generated by the self- 
adjoint extension B*. 

The generalized resolvents of an operator A (with equal deficiency 
numbers) generated by its self-adjoint extensions of type J are called ortho- 
gonal; these generalized resolvents are also the ordinary resolvents of the 
self-adjoint extensions which generate them. 

The following theorem establishes an integral representation for a 
generalized resolvent, analogous to the one obtained in Chapter VI for an 
ordinary resolvent of a self-adjoint operator. 

THEOREM |: Jn order that the operator function R,(3 z 40) be a gener- 
alized resolvent of the symmetric operator A, it is necessary and sufficient 
that it have the representation 


(1) Rf) =([SLe (4 gen), 


where F, is some spectral function of the operator A. 

Proof: For the necessity of the representation (1) we may take the 
spectral function F, corresponding to that self-adjoint extension B* which 
generates the generalized resolvent R,. For the sufficiency we may take the 
generalized resolvent R, generated by that self-adjoint extension Bt 
corresponding to the spectral function F,. 

If the generalized resolvent R, and the spectral function F, are related 
by formula (1), then it is said that they correspond to each other. The 
well known inversion formula between the set of the spectral functions of 
a given symmetric operator and the set of its generalized resolvents deter- 
mines a one-to-one correspondence. 

We remark that for every vector of the subspace 


M, =4,(z) (8z 40), 
the values of all generalized resolvents of the operator A coincide. Indeed, if 


(2) (A — zE)f = g, 
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then 
(3) Rg =R{(A —zE)f =P" RI (Bt —zE*)f=Ptf=f. 


If the generalized resolvent R, is generated by an extension B* with 
the resolvent R;*, then for f, g ¢ H 


(R.f,g) =(P* RI fg) =(R2 fg) = (4, Rig) =(LP* Rig) =, R28), 
and this yields 


(4) R; a R:. 
If A is a maximal symmetric operator and 
m, =H 


for Jz >0O, then its generalized resolvents coincide for 3z >0, since by 
(2) and (3), 
R.g a (A nce ZE)~*g 


for Jz >0O and ge H. According to (4), the coincidence of the operators 
R, for 3z >0 implies that they coincide for 3z< 0. Thus, a maximal 
operator has a unique generalized resolvent and hence possesses a unique 
spectral function. 

On the other hand, a generalized resolvent of a non-maximal symmetric 
operator A is not uniquely defined. In order to ascertain this, it is sufficient 
to take two different maximal symmetric extensions C’ and C” of A of 
type I and to extend them to self-adjoint operators B’* and B’*. It is 
evident that the generalized resolvents R, and R, of the operator A gener- 
ated by the extensions B’* and B”* do not coincide. 

Since a non-maximal symmetric operator has different generalized 
resolvents, its spectral function is not defined uniquely. 

In view of an earlier fact (Section 88, 1°) about spectral functions of 
self-adjoint operator, the following proposition is valid. 

THEOREM 2: A symmetric operator has a unique spectral function if 
and only if it is maximal. This unique spectral function is orthogonal if and 
only if the operator is self-adjoint. 

It is easy to see that the set of all spectral functions (respectively, 
generalized resolvents) of a symmetric operator A is convex. This means 
that if F, and F, (R;, and R,) are two spectral functions (respectively, 
generalized resolvents) of the operator A, then for a’ + a” = 1,a'> 0, 
a” > 0 the operator function a’F, + a"F, (respectively, a’R, + a” R;) is also 
a spectral function (respectively, generalized resolvent) of A. 

In connection with this we indicate one method of construction of 
generalized resolvents (spectral functions) which are generated by self- 
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adjoint extensions of type II by means of operations inside the space H. 
Let A be a symmetric operator defined in H, and let A’ and A” be any two 
of its maximal extensions of type I. For definiteness we assume that 
A(z) = 44(z) =H 
for Jz > 0. 
We define the operators R, and R, by the equations 


R = | (A'’—zE)"' (8z>0), 
-- (R;)* (3z < 0), 
RK = | (A" —zE)7? (Jz > 0), 


(R;)* (3z < 0). 

The operators R, and R, are the generalized resolvents of the maximal 
symmetric operators A’ and A” respectively. By means of R, and R; we 
determine the spectral functions F, and F, of A’ and A”, respectively, and 
form the operator function 


F,=a'F,+"F, (e’ +a" =]l,a’>0,0"> 0). 


Since the set of the spectral functions is convex, F, is a spectral function 
of A. 

We show now how to choose the maximal extensions A’ and A” in 
order that the spectral function F, is generated by an extension of type II or, 
equivalently, in order that the spectral function F, and the inequality 


(5) [Pass < 
determine the domain D,. It is easy to see that a vector f € H satisfies the 
condition (5) if and only if 

feD,aDy. 

It remains to prove that the maximal extensions A’ and A” of the 
operator A can be chosen such that the intersection of the domains D,. and 
D,- is the domain D,. By the second Neumann formula (Section 80) 

D,=D,4+T, 
Dy _ D, zt | ae 
where I” is the set of all vectors of the form 
gt+Ug (ge %), 


and U’ is an isometric operator which maps M&M; into U'’N; < N,(Iz > 0, 
if it is assumed for definiteness that m S n); I" is defined analogously. 
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Note that D,,N D,- > D,. Let us assume that D, 1s a proper subset 
of D,-AD,- and choose a vector h ¢ D, which belongs to both D,. and 
D,-. Then 

h =f" + g’ a5 U'g’, 
h —7 + 2” + U"g", 
where f’, f” € D, and g’, g” — MN,. These representations of A yield 
(f’ —f’) 4. (g” — g’) + (U"g" ss U'g') ae 0. 
The summands in the left member of the equation belong to the manifolds 
D,, Jt, and MN, respectively. Since these manifolds are linearly independent, 


(6) fal, £8 =, 
U'g =_= U"g. 
From the last equation it follows that if 
Dy a) Dy = D,, 


then the isometric operators U’ and U” must be defined such that equation 
(6) holds for no vector of ¥t; which is different from zero. This condition 
can always be achieved, for example, by choosing U’ arbitrarily and letting 
" — oes igs 
Thus, the constructed operator functions 
F, = a'F, + a"F; 
and 


R, = a’R, + a’R, 
for arbitrary a’, a"(a’ + a” = 1, a’ >0, a” >0) are spectral functions and 
generalized resolvents, respectively, of the operator A, which are generated 
in the sense of Section 2 by a self-adjoint extension B* of type II of A. 

However, it is not true that such a method yields all spectral functions 
of a symmetric operator.® 

From the given method of construction of spectral functions it follows, 
among other things, that Theorem 2 remains correct even if the spectral 
functions are required to be generated by self-adjoint extensions of type 
II of the operator A. In order to prove this it is necessary to show that a 
non-maximal symmetric operator A has different spectral functions which 
are generated by self-adjoint extensions of type II of A. But this is a con- 
sequence of the fact that the generalized resolvents 


a R, + BR; 


Zz 


5In this connection, see M. A. Naimark [5], Vol. I, and I. M. Glazman [2], Vol. I. 
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and 
BR; + oR; 


for the indicated selections of the maximal extensions A’ and A” coincide 
only for vectors in 4 ,(z) and, therefore, generate different spectral func- 
tions. 

In conclusion, in this and the following section, we illustrate facts and 
methods with a differential operator. Let Py) be the operator of differ- 
entiation which acts in L?(0, 0). The deficiency indices of the operator 
P, are (0, 1). 

To obtain a generalized self-adjoint extension of the operator Py by 
the method of Theorem 1, we introduce the operator P’ of differentiation 
in L?(— oo, 0) which is defined by the formula 


, a 
P, = lt 
for each absolutely continuous function 9 (#) such that 9 (f) and its deriva- 
tive 9'(t) belong to L?(— oo, 0) and such that 9 (f) satisfies the boundary 
condition » (0) = 0. It is evident that the deficiency indices of the operator 
Po are (I, 0). 
We form the orthogonal sums 


L?(— «, 0) = L*— 00, 0) @ L?(0, «), 
Pe =P OP 
Obviously, the operator P;> is defined by the formula 


Ps oe 
09 =I Fe 


for each function 9 (f) which is absolutely continuous in the intervals 
(— 00, 0) and (0, 0) such that 9 (¢) and »’(t) belong to L?(— 0, oo) and 
such that 9 (f) satisfies the boundary condition » (0) = 0. 

It is easy to see that one obtains the domain D,p+,. of the adjoint 
operator (P;)* if one omits the boundary condition > (0) = 0. Therefore, 
each of the equations 

(Po )*g + ig = 0, 
(Po )*g —ig =0 
has a unique solution. These solutions are defined, respectively, by the 
formulas 
= O (t<0) _ e (t<0) 
=| ergs &={( 6 Usoy 
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Thus, the deficiency indices of the operator Pj are (J, 1). 

The operator P of differentiation on the entire axis (— 0, 0) considered 
in Section 49 is evidently a self-adjoint extension of the operator P,”. Thus, 
the operator of differentiation on the entire axis is a generalized self- 
adjoint extension of the operator of differentiation on the semi-axis. 


4. The Formula of Krein for Generalized Resolvents 


In connection with the results of the preceding section, there is the 
problem of describing the set of all spectral functions of a given symmetric 
operator. Since the set of all spectral functions and the set of all resolvents 
of a symmetric operator have a one-to-one correspondence determined by 
the formula 


(Rf) = f EAe, 


this problem is equivalent to the problem of describing all resolvents. The 
latter problem was solved by Krein® for the case of equal and finite defi- 
ciency numbers. We present here the result of Krein for the case of deficiency 
indices (1, 1). 

Let A be a symmetric operator with deficiency indices (1, 1), let A be 
a fixed self-adjoint extension of type I of A, let R, be the resolvent of the 
operator A, and finally let R, be an arbitrary generalized resolvent of the 
operator A such that 


R, =PTR,. 
Here Rj is the orthogonal resolvent of some self-adjoint extension At of 
the operator A which is defined in a space H* > H and P™ is the operator 
of projection of Ht on H. 
We let as usual 
M, = 4,0)  (BA#0), 
Nt, AHO M,. 


In the case considered the dimension of the subspace J, is one. 
For the difference of the resolvents we have, as in Section 84, 


(1) | (R,—R,)f=0 for fem, 
(R, = R,) fe N, for fe N,. 


“Cf. M. G. Krein [1], Vol. 1. A formula for generalized resolvents of an operator with 
deficiency indices (1, 1) was obtained by Naimark [1], Vol. I. A further generalization of the 
formulas of Naimark and Krein was given by Strauss [1], Vol. I. 
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The last relation follows from the fact that for fe MN, and h e Mj 
((R, — RSA) =(RLGA) — (RIF LFA) = 
=(f, Rxh) —(f,R5h) = Ff, (Ri — Ri) A) = (F,0) =0. 


From (1), repeating the argument of Section 84, we get 


: (f,2(7)) 2 (A) 
2 R, f= Rk, f -— — 
" PoE" 00) 
where 
(2’) 4 (A) oa 2 (Ao) + (A — Ao) Rug (Ao). 


Here g (Ap) is a vector in J’, with norm one. We assume for definiteness 
that the fixed point A, lies in the upper half-plane (it is possible to choose 
Ay = i). However, generally speaking, the function Q (A) does not satisfy 
the relation 


(3) Q (A) = Q(Ag) + (A — Ao) (8 (Ao), 8 (A)); 
which we obtained in Section 84 for the case of orthogonal resolvents. 
Let us turn to the clarification of the nature of the function Q (A). 
First, we find Q (A)), for which we let A = A, in (2) and pass from the 
resolvent to the Cayley transform 
A — AE At — A,E* 
Aye — Ux, = Ge 
+ A — AE ° At — XE 


After an elementary calculation, we get 


: A —-A 
+ 77+ f oe 7 
P Uy f= U,f O (A) Cf, & (Ao) ) & (Ao). 
In this formula, we let f = g (A,). Then we have 
“ Ay —A 
4 P* U} g(Ay) =2 (Ao) - 
(4) 1, &( 0) = 8 (Ao) O (A) 
Now, since the element ¢ = Uj‘ @ belongs to Mj, if and only if » belongs to 
Wy. 
0 =(g (Ao), @) = (Ux g (Ao), Ut @) = (UX 8 (Ao), #) = (P* Ui 8 (Ao), 4): 
which implies that 
(5) P* Un, g (A) = 88 (Ao). 
In (5), 6 is a constant which does not exceed one in absolute value, and 


which is determined by the extension A*; and 6 equals one in absolute 
value if and only if A* is an extension of type I. 


8 (Ad). 
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Our considerations yield an important consequence: if 
R, = R, 

for any one nonreal value 4 = ,, then the equation holds for all nonreal 2. 
Indeed, replacing A, in formulas (2) and (2’) by A, (3A, > 0) we find from 
formula (4) that QO (A,) = ©, which implies that the parameter @ in formula 
(5) equals one. Therefore, R, is an orthogonal resolvent; and two ortho- 
gonal resolvents of one and the same operator which coincide at one point 
are obviously identical. 

Comparing (4) and (5), we find that 


Ay — 4 
> 0 0 
Q ( o) | ap ) 
or 
(6) OQ (Ao) =1 SAo Rae 
Here 7 is a new parameter which is related to @ by the formula 
1+ 06 
7 = (SA ee 
i(33Aq) |_ 9 


which maps the unit circle of the 6-plane into the upper half 7-plane. 
If R, runs through the set of orthogonal resolvents, then, since (3) is 
valid in this case, formula (2) takes the form 


(fe) 
7 R, = R, Cee oe ao a ee oe 
7) f f 7 + Q,(A) 
where 
(7°) Q,(A) = I3Ag + (A — Aq) (8 (Ao), 8 (A) )- 


The parameter 7 is real (— coo <7 S$ &). Formula (7) defines a one-to-one 
correspondence between the set of all orthogonal resolvents and the 
values of the parameter r. 

In the general case where R, is an arbitrary resolvent, we let in formula 
(2) 

QO (A) = 7 (A) + Q,(0). 
Then 
» & (A) ) 8 A) 
(8) Rf = Rf —- LES | 
f= BSF) + O10) 
We show that the function 7 (A) is holomorphic and has a non-negative 


imaginary part in the upper half-plane. With this aim, we remark first 
that the equation 


Ryg (A) = Rug (A), 
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and also the equation 


(Rig (4), g (A) ) = (Rag (A), g Q)) 
hold at no nonreal point. Therefore, we let f = g (A) in (8) and form the 
inner product of both sides with g (A). We obtain 


I : : 
7A) £0, ~ (Ra — BB (),8 A). 


But, since Q,(A) and the right member are holomorphic and the latter is 
different from zero, the function 7 (A) is holomorphic for all nonreal values 
A. We prove next that if 3 7 (A’) = 0 at any one point of the upper half- 
plane then 7 (A) = constant. It follows, in particular, that the inequality 
37 (A) <0 is impossible at any point of the upper half-plane. Thus, let 
Sr (A’) = 0 (SA’ > 0). We choose A = A’ in both formulas (7) and (8) and 
take in formula (7) the number 7 (A’) as the constant r. Then the right mem- 
bers of these formulas will be identical for each f. Hence, at the point 
A = AX’ the generalized resolvent R, coincides with an orthogonal resolvent 
R, and as we showed above, these resolvents must coincide. 

We form the inner product of both sides of equation (8) with f and 
obtain the formula 


Pola) + pi(A) 7 A) 
AL) = “aQ) £ Q) 7) 


For fixed f and A the functions p,(A), p,(A), go(A), 9:(A) will have completely 
determined values, not depending on the choice of the resolvent R,, which 
are determined by the function 7 (A). Since orthogonal resolvents are ob- 
tained when 7 (A) is a real constant and also when 7 (A) runs through a 
particular set of holomorphic functions with non-negative imaginary part, 
the point w = (R, f, /) belongs to some circular region. The boundary of 
this region, the circle C (f; A) is generated by the point w, when R, is an 
orthogonal resolvent. In other words, the circle C (/; 4) is described by 
the point 


eee PolA) + Pild) 7 
oA) + GilA) 7’ 


when 7 runs through the real axis. 

Since the set of all resolvents of a given operator is convex, the point 
w = (R,/f,/) runs through the region K(f; A) with boundary C (/; A), 
when R, runs through the set of all resolvents of the operator A. 

By our considerations we have now established that: every resolvent 
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R, of a symmetric operator A with the deficiency indices (1, 1) is represent- 
able in the form 

(,g8(A)) 8A 

TA) + QA) ’ 

where 7+ (A) belongs to the class N of all functions which are defined in the 
half-plane 3 4 >0 and are holomorphic and in this half-plane have a non- 
negative imaginary part. 

We now prove the converse proposition: each function 7 (A) of the class 
N generates by means of formula (9) a resolvent of the operator A. Let 
7 (A) € N and let S, be an operator defined by the equation 
(,g(4))8Q) 

7) + O40) 

Since the circle C (f; 4) lies in the upper half-plane, but the point 
(S, f, f) lies in the circular region K (/; 4), the scalar product (S, fj f) is a 
holomorphic function in the half-plane 3 A >0 which evidently belongs 
to the class N. 

Furthermore, since, for orthogonal resolvents R,, the scalar product 
(R,f, f) satisfies the inequality 


(9) R, = R, — 


(9°) S) a R, a 


RLNI S22 aso, 


the scalar product (S, ff), which lies in the circular region K (/; A), satisfies 
the inequality 


(ff) 
ROW e) i arree 

Using this inequality and repeating the argument of Section 65, we 
obtain a representation of the scalar product (S, /; f) in the form 


ee , 
(10) (Shs) = fCE2. 


co 


Here w (ft; A) = w(f) is a nondecreasing left-continuous function which 
tends to zero as ¢ —-> — oo and satisfies the condition 


wf) S(hS) (— ©<ts &). 
From formula (10), repeating the calculation of Section 65, we obtain 
a representation of the operator S, in the form 


rd (Ff 
(Syf,9) = [AA® 
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Here F, is a nondecreasing left-continuous operator function which tends 
to zero as t -~ — o and satisfies the condition 


(11) (ALS) Sf) (— o<ts ). 


In contrast with Section 65, the operator function S$, does not satisfy the 
Hilbert functional equation. Hence, we cannot derive the orthogonality 
relation 


(12) IF, = fF, (s = min {u, v} ). 


Therefore, we fail to have the relation used in the end of Section 65 in the 
proof of the property 
(13) lim Ff=f (feH). 


l—o 


In order to prove that the operator function F, is a generalized resolution 
of the identity, we must prove property (13), without the aid of (12). 

According to the lemma on monotone increasing sequences of oper- 
ators (Section 85), the limit on the left side of equation (13) exists. Hence, 
it is sufficient to show that as t > oo the operator F, tends weakly to E 
from the left, i.e., that 


lim (F,f,8) = (48) 
for all f, g ¢ H. Evidently this relation holds if and only if 
(14) lim (FLL) = (LS) 


for all fe H. Since, by (11), the norm of the operator function F, is bounded 

(|| Fi S 1), it 1s sufficient to verify equation (14) for some dense set of 

vectors in H. As such a set we take the domain D, of the operator A. 
By (10), equation (14) is equivalent to the equation 


(15) lim i (SLI) = — LS) 


for all fe H. Since the point (S,, 5 f) lies inside the circle C (J; A) it is 
evident that 


Lin(S, AS) + (AS) | S max | in (RSS) + GS) |: 


Here Rj denotes the resolvent of type I which corresponds to the para- 
meter 7. It remains to prove that 


Lin (RASS) + (BS) | 


tends to zero uniformly with respect to 7(—c0<7 So). This is true 
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since, for fe D, and 7 > 0, 


in 
t— In 


lin (Ri AS) + GS)| -|f 


-@®@ 


JAS II. 
q) 


HA 


HESS) + j uE:)| = 
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Thus, relation (13) is proved so that the operator function F, is indeed 
a generalized resolution of the identity and according to the theorem of 


Naimark it has the representation 
F. = PEt. 
Let us introduce the self-adjoint operator 


Atf= | tae f 


Evidently 
S, = PERS, 


where Rj is the resolvent of the operator At. To complete the proof of 


the theorem it remains to show that A* is an extension of A: 
At 3 A, 
or that 
RX f ere Rf 
for fe M,. 
From formula (9’) it follows that 
PRY f= Sf = Ry f 
for fe M,. Therefore, 
f= R,f + h, 
where h | H. We show thath = 0. For fe M,, 
AR, f=ft+ ARS 
A(R f th) =f+rAR fr. 
Letting g = R,f we obtain 
(A*(g +h),g +h) = (Ag +h, g +h) = (AB, 8) +A(h, A), 
which 1s possible only for h = 0, since 3A 4 0. 
Hence, the theorem is completely proved. 
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5. Quasi-Self-Adjoint Extensions and the Characteristic Function 
of a Symmetric Operator 


In the present section we consider another class of extensions of sym- 
metric operators with finite and equal deficiency numbers which was intro- 
duced by Lifschitz.’ 

A quasi-self-adjoint extension of a symmetric operator A with the 
deficiency indices (m, m) (m<o) is an arbitrary linear operator B which 
satisfies the conditions 


(1) Ae Ree Ar, 
(2) dim Dz; =™ (mod D,), 


but is not a self-adjoint extension of the operator A. 

For simplicity we restrict ourselves to the case of operators with 
deficiency indices (1,1). In this case condition (2) is a consequence of 
condition (1) and can be omitted. We shall assume that the operator A is 
simple (Section 81). 

Next we present an example of a quasi-self-adjoint extension of a 
symmetric operator. Let P be the operator of differentiation in the space 
L?(0, a) with the boundary condition 


e (0) = ¢ (a) = 0. 


In Chapter IV we proved that the domain of an arbitrary self-adjoint 
extension P, of the operator P is determined by the boundary condition 


(3) e(ay=8o() (18| =)), 
and, conversely, each such condition with | 6| = 1 determines the domain 
of a self-adjoint extension of the operator P. 

If in equation (3) 8 is replaced by an arbitrary complex number p such 
that | p | 41, then the operator P, (P, < P*) which is defined on set of the 
functions ¢(t) which satisfy the condition 

(4) e(a)=pe?(0) (le| #1) 
is a quasi-self-adjoint extension of the operator P. It 1s evident that each 
quasi-self-adjoint extension of the operator P is given by condition (4) 
(one of them with p = oo). 


For quasi-self-adjoint extensions B of an operator A it is possible to 
introduce the Cayley transform S which is defined on the manifold 


D, a 4 (A) 


"Cf. M.S. Lifschitz [2], [3], Vol. I. 
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by the formulas 
(5) o =(B—AE)f 
(fe Ds, S A - Q) 

(6) So = (B—4E)f. 

This definition is ambiguous if the vector /, which is defined by the 
vector 9, is not unique, i.e., if A is an eigenvalue of the operator B. But if 
A is an eigenvalue of the operator B, then 7 is not an eigenvalue, since other- 
wise 

2,€ Dz, gx € Dz 
and 
B= A’, 
which would contradict condition (1). 
Therefore, we can assume in formula (5) that 4 1s not an eigenvalue 


of the operator B. For definiteness we choose A=— i and then write 
formulas (5) and (6) in the form 
(5’) 9 =(B+iE)f 
(fe Dz) 
(6°) So = (B —-iE)f. 


It is evident that the operator S is defined in the whole space and Is an 
extension of the Cayley transform V of the operator A. However, in con- 
trast with the case of self-adjoint extensions, the operator S is not unitary. 

We show that the orthogonal complement of the manifold 


Dy = We; = A(—1) 


is transformed by the operator S either into the orthogonal complement 
of the manifold 


4,=M; = 4,(7), 
or into the zero manifold. Indeed, if 
gil Mm; 
and 
g =(B+iEj)h (he Ds), 
then for each fe D, 
((B + iE)h, (A + iE)f) = 0. 
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On the other hand, using the inclusion B c A*, we get for each fe D, 


(Sg,(A — 1B) f) = ((B —iE)h, (A —iE)f) = 
= (Bh, Af) — i(h, Af)+ i(Bh,f) +h f) = 
= (Bh, Af) —i(Bh,f) + i(h, Af) +(A,f/) = 
= ((B+iE)h, (A +iE)f) =0, 
so that Sg | Mt; (in particular, it is possible that Sg = 0). 
If g, denotes a vector orthogonal to the manifold Mt, such that 
| gill = Ig ll, then, on the basis of the proof, 


(7) Sg a K£15 
where the number « does not have absolute value one, since otherwise the 
operator B, which obviously is expressed in terms of S by means of the 
formulas 

(8) f=h(E-S)e, 

( € H) 

(9) Bf=4(E+S)¢ 
would be self-adjoint. 

The operator S = S, is called a quasi-unitary extension of the isometric 
operator V. It is easy to verify that S, = S;. 

In general, we define a quasi-unitary extension of a given isometric 
operator V with deficiency indices (m, m) (m1< 00) as an arbitrary linear 
but not unitary operator S = V which is defined in the whole space and 
which transforms the orthogonal complement of the manifold D, into a 
sub-space orthogonal to 4, (or into the null element). 

It is evident that each quasi-unitary extension S of the operator V 
generates by formulas (8) and (9) a quasi-self-adjoint extension B of the 
operator A. 

For the case of deficiency indices (1, 1) there exists a one-to-one 
correspondence between the set of all self-adjoint extensions B of the 
operator A (respectively of quasi-unitary extensions S of the operator V) 
and the set of all complex numbers « not equal to one in absolute value. 
In view of this relation, we denote the corresponding extension by B, 
(respectively, S,). 

We turn now to the study of the spectrum of a quasi-self-adjoint 
extension B of the operator A with deficiency indices (1, 1). We recall that 
by the general definition of Section 43, the number ) is called a regular 
point of the linear operator 7 if the operators (T — AE)~’ exists, is bounded, 
and is defined in the whole space. The spectrum of the operator T is defined 
as the complement of the set of its regular points. 
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THEOREM |: The spectrum of a quasi-self-adjoint extension B of a 
simple operator A with deficiency indices (1, 1) consists of the spectral kernel 
(cf. Section 83) of the operator A and the eigenvalues. The set of the eigen- 
values lies in its entirety either in the upper or in the lower half-plane. We 
omit the special case® when the whole half-plane (upper or lower) consists 
of eigenvalues, and, as a consequence, the set of eigenvalues can have only 
real limit points in addition to the eigenvalues themselves. 

Proof: We denote the spectral kernel of the operator A by A. For 
each A EA, the operator (A —AE) ~* is unbounded and hence it is not possible 
for the operator (B—AE)~*' to be bounded. Hence A is contained in the 
spectrum of the operator B. 

We assume now that A ¢ A. If the operator (B — AE)~' does not exist, 
then A is an eigenvalue of the operator B. If the operator (B — AE)7! 
exists then A is a regular point of the operator B. Indeed the operator 
(B — AE)‘ cannot be unbounded, since the operator (A — AE)~ ‘is bounded 
and 4,(A) differs from 4 ,(A) by not more than one dimension. It remains 
to show that 4,(A) = H. Assuming the contrary, we find that 4,(A) = 
4 ,(A). Now if f is a vector in Dz which does not belong to D,, then the 
vector 


(B =: AE) f = f*, 
which belongs to 4,(A) = 4,,(A), can be represented in the form 


f*=(A — AE) f= (B—AE)f"  (f' € Dy). 
Hence 
(B—AE)(f—f’) =9, 
which contradicts the existence of the operator (B — A E)~'. Thus, it is 
proved that A is a regular point, and the spectrum of the operator B con- 
sists of the spectral kernel A of the operator A and the eigenvalues. 

We introduce the Cayley transform S, of the operator B = B,, and 
then we notice without difficulty that the point A runs through the spectrum 
of the operator B as the point 

A-—1 


(10) c= ea 


runs through the spectrum of the operator S,, and conversely. Moreover, 
formula (10) establishes a one-to-one correspondence between the eigen- 
values of the operator B and of the operator S,. 

On the basis of what has been said, it is sufficient to determine the 


®This case will be treated later (cf. the corollary of Theorem 3). 
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eigenvalues of the operator S,. Since the absolute values of the eigen- 
values of the operators S, are greater or less than one according as | «| >1 
or | «|<1, all eigenvalues of the operator B lie in the upper half-plane 
(if | « |<1) or in the lower half-plane (if | « | > 1). 

We assume for definiteness that | «|<1. In what follows g denotes 
a unit vector orthogonal to the manifold ,, U denotes a unitary extension 
of U and g* is the vector defined by 


gt = Ug. 
We represent the eigenvector of the operator S,, which corresponds to 
the number %, in the form 9 + ag with ge Dy. Thus, 


SAe + ag) = £(9 + ag). 
Then 

S.@ + axg* = Co + alg, 
or 

Up — bp = a (tg — xg"), 
and this yields 


l : ° 
(11) GZ? = (U — CE) tg — «(U — CE) ig. 


We form the scalar product of both members of (11) with g and obtain an 
equation satisfied by the eigenvalues of the operator S,: 


(12) ((U — CE)~'g, 2) — «((U — LE)“ 1g*, 2) =0. 


Reversing the order of calculations we find that every root of equation 
(12) is an eigenvalue of the operator S.. 

Since the left member of equation (12) is a regular function for | ¢| 40, 
the assertion of the theorem concerning the limit points of the discrete 
spectrum of the operator B is proved with the exception of the case when 
the left side of equation (12) becomes zero for | ¢|<1. 

In this last case each point ¢ inside the unit circle is an eigenvalue of 
the operator S,. 

We show now that the special case mentioned in the formulation of 
the theorem can occur. Let H be a separable Hilbert space with an ortho- 
normal basis {e,}” ,, and let U be the unitary operator defined by the formulas 


Ue, a Cr -1- 


Further, let V c U and Dj; | e, and, hence, Ay | e_,. The operator V 
is an isometric operator with deficiency indices (1, 1). 
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Now let S, be the quasi-unitary extension of the operator V defined 
by the condition 


So — Q. 


It is easy to verify that for each ¢ inside the unit circle, the vector 
>, oer 
k=0 


is an eigenvector of the operator S which corresponds to the eigenvalue £. 
Later, we shall see that this special case is unique in the following 
sense. A simple symmetric operator with deficiency indices (1, 1) having 
a quasi-self-adjoint extension with a point spectrum which forms an entire 
half-plane is isomorphic to the Cayley transform of the operator V. 
We turn now to the transformation of equation (12). If F, is the spec- 
tral function of the operator U, then 


2a 


: l ‘ 
(13) 20 —t8)"'g, 8) = 2] aah ) = 


-[¢ cE a(he.8) —1, 
and 
(14) 2((U — LE) 8%, 8) = 2((U — LB) "Ug, 8) = 


2a 
ete | 
af d(Eg,g) = i digg) +1 


From the last formulas it follows in particular that the scalar product 
((U— CE)~*g*, g) does not vanish for | £|< 1. Hence, equation (12) can 


be represented in the form 

w()—« =0, 
where 
¢((U — tE)"g, g) 
((U — CE)” 'g*, g) 


On the basis of formulas (13) and (14) the function w (%) can be repre- 
sented in the form 


6(t) — 1 
(15a) wo BLY 


(15) w(t) = (g* = Ug). 
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where 
ae 


(15b) on = | St taéee) 


From these representations it follows (Section 59) that the function 
w(¢) is regular in the unit circle, maps it into itself and satisfies the norma- 
lization condition w(0) = 0. 

Following Lifschitz we call the function w (£) the characteristic function 
of the isometric operator V and the function 


- w=) 


the characteristic function of the symmetric operator A. 

The function w (A) is regular in the upper half-plane, maps it into a 
subset of the unit circle, and satisfies the normalization condition w (i) = 0. 

In order to justify the above definitions, it is necessary to show that 
the function w (¢) is defined in principle by the operator V although (cf. 
formula (15)) it depends formally on the choice of the unitary extension U. 
With this aim we express the operator U in formula (15) in terms of its 
Cayley transform: 


= (A —iE)(A + iE)". 
After an elementary calculation we obtain for the characteristic function 
w (A) the formula 


A—i ({E+Q—)R}g,8*) 
A+i ({E+A—DR} 8,8) | 


Here R, is the resolvent of the operator A. 
In Section 84 it was established that the vector 
{E + (A — i) Rig 

belongs to the deficiency subspace Jt;, which is one-dimensional in the case 
under consideration. Hence, for another choice of the extension A this 
vector is replaced by a scalar multiple of itself. And this does not alter 
w (A). As far as the vector g* is concerned, it is multiplied by a number with 
absolute value one. 

Thus, the characteristic function of a symmetric (isometric) operator 
is determined by this operator to within a multiplicative constant with 
absolute value one. We do not distinguish between two characteristic 
functions which differ from one another by such a factor. 


(16) w(A) = 
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Now formula (16) can be written in the form 


ae | (g,, g*) 
17 A) = : 
- “N= TF7 8) 
where g, is an arbitrary solution of the equation 
A*h — +h = 0. 


As an example, we calculate the characteristic function of the operator 
P of differentiation on the interval [0, a] with the boundary conditions 


¢ (0) = ¢ (a) = 0. 
In this case 


V2 ge V2 in 


=> > 2, = > == e-!, —e 3 
and, by formula (17), 


et — e 7 ian 
(18) iO) Ae oe as 
In addition to w (¢) and w (A) we introduce the functions 
w(C)—« 
WES) =I 
w(A) —« 
w (A; «) ~ kw (A) — |? 


and call them the characteristic functions of the quasi-unitary extension S 
of the operator V and, correspondingly, of the quasi-self-adjoint extension 
B, of the operator A. The characteristic functions w (¢; «) and w(); «) 
are normed by the conditions 


W(O; x) =, wlisxK) =k, 


With the aid of the characteristic function w (A) the spectral kernel of 
the operator A is defined, as shown in the following proposition. 

THEOREM 2: In order that the real number A, be a point of regular type 
of a simple symmetric operator A with deficiency indices (1, 1) it is necessary 
and sufficient that both of the following conditions be satisfied: 

1° the function w (A) is regular in a neighborhood of 9; 

2° | w (A) | =1 in some interval Ay —e<A<Ag +. 

Proof: Let A, be a point of regular type of the operator A and V the 

Cayley transform of A. It is evident that there exists a self-adjoint exten- 
sion A > A for which the point A, is regular, because if two self-adjoint 
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extensions A, and A, have the same eigenvalue Ap, then 


Af; aa Aol, Acs, = ro fe (hs Se ¢ D,). 


Then 
A*f, =f, A* fe = ofr, 

and hence 

Si = ofr; 
so that 

Dj, = D4, 
and 

A, = Ag. 


In formula (15) let U be the Cayley transform of A. Then from formulas 
(15a), (15b), (15c) it follows that the function w (A) has properties 1° and 2°. 

Conversely, let w (A) have properties 1° and 2°. Then choosing the 
extension U in formula (15) such that 


A — i 
w (o) #1. (b= 354): 


the function 
1+w(%) 

oo fe w(‘) 
is regular in a neighborhood of the point ¢.= e*. Furthermore, on some 
arc of the unit circle containing the point %5, | ® (¢) | = 1. Therefore, after 
the application of the inversion formula to the representation (15b) it 
follows that £, is a point of constancy of the function (F.g, g) and, since 
the vector g generates the operator U, £, is a regular point of this operator 
(cf. Section 69). Thus, A, is a regular point of the operator A and, hence, 
does not belong to the spectral kernel of A. 

From the proof of Theorem 2 we obtain the following refinement of 
Theorem 1: all finite limit points of the set of eigenvalues of any quasi-self- 
adjoint extension B,, of the given operator A belongs (with the exception of 
the case mentioned in Theorem 1) to the spectral kernel of the operator A. 

If (.(k = 1,2,3,...) are the roots of the characteristic function 
w (¢; «) of a quasi-unitary extension S, of the operator V for « 40, then 
w (¢; x) can be represented in the form 


c.—§ |¢ 
w(E5x) =e | | Ei _ 


5. QUASI-SELF-ADJOINT EXTENSIONS 155 


where G (¢) is a regular function with non-negative real part for | ¢ |< 1. 
If we represent the function G ({) in the form (Section 69) 


Qn 
is 


ef 

G(0) = | GF aol) + iB 
0 

where p(s) is a nondecreasing function of bounded variation then we 

obtain 


C 


27 gis ore) b=: 


— do(s 
(19) wees = cob =" | | ay Cicy=p. 


k=1 


From Theorems | and 2, it follows that the point spectrum of a 
quasi-unitary extension S, of the operator V consists of the points ¢, and 
the rest of the spectrum consists of points of increase of the function p (s) 
and limit points of the set of roots ¢,.° 

If the spectral kernel of the operator is empty, then the eigenvalues 
of an arbitrary quasi-self-adjoint extension B, of the operator A have no 
finite limit points. 

In particular, it can happen that the spectrum of some quasi-self- 
adjoint extension of the operator A is void. An example is the quasi-self- 
adjoint extension of the differential operator P with the boundary condition 


9 (0) = 0. 


Later (cf. Theorem 4) we see that this special case is unique if one does not 
consider isomorphic operators as distinct. 

We prove now a general theorem which shows that the characteristic 
function determines an operator up to an isomorphism. 

THEOREM 3: Jn order that simple symmetric (isometric) operators with 
deficiency indices (1, 1) be unitary equivalent, it is necessary and sufficient 
that their characteristic functions coincide. 

Proof: We give the proof for isometric operators. Let the operators 
V and V which are defined in the spaces H and H respectively be unitary 
equivalent, i.e., let 


V= Uv, 
where U is an isometric operator which maps H on H. Taking some unitary 
extension U of the operator V we construct a unitary extension U of the 


_ *Starting from the representation (19) for the characteristic function w(Z; x) M. S. Lifschitz 
Esa a the question of the invariant subspaces of the operators S,. (cf. M. S. Lifschitz 
4), Vol. 1D). 
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operator V by the formula 
U=uUuuy?. 
Furthermore, we choose a unit vector g € H orthogonal to the mani- 


fold D, and we let 
g = Ug. 


For these choices of the vector g and of the operator U, the formulas 
C(((U — LE)~"g, 8) x 


(20) "() = (UTE) Ug, g)n’ 

7 C((U — CE) - 12, 2)% 

21 WwW C = = = Le 

@) @) ((U — CE)" VU g,2)5 
imply that 


w (¢) = w (0). 

Conversely, let the characteristic functions w(¢) and w(¢) of the 
operators V and V, which are defined by formulas (20) and (21), coincide. 
Let 

~ 1+ w(d) 1+w(%) 
® (¢) ek ea ® (¢) es ena 
and apply the inversion formula to the representations of the functions 
® (C) and ® (€) to obtain 
(E.g, 8) = (Eg, 8)n- 


On the other hand, the simplicity of the operators V and V implies 
the simplicity of the spectra of their unitary extensions U and U; here the 
deficiency vectors g and g are the generating elements for U and U (Section 
81). 

Thus, the operators U and U are reduced to the same canonical form— 
to the operator of multiplication by e” in the space L= with the distribution 
function 

o(t) = (E.g, 8) = (Eg, &)u- 
and, hence, are isomorphic (Section 69). From the isomorphism of the 
operators U and U it immediately follows that the operators V and V are 
isomorphic. Thus, the theorem is proved. 

REMARK: Each simple symmetric operator with deficiency indices 
(1, |) which has a quasi-self-adjoint extension with point spectrum which 
covers an entire half-plane is isomorphic to the Cayley transform of the 
operator V defined on page 151. 
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Indeed the characteristic function of such an operator must be identi- 
cally zero, so that all such operators are isomorphic. 

The following theorem gives us an interesting abstract characterization 
of the operator of differentiation on a finite interval. 

THEOREM 4: Each simple symmetric operator with deficiency indices 
(1, 1) which admits a quasi-self-adjoint extension without spectrum is iso- 
morphic to the operator of differentiation on a finite interval. 

Proof: Let A bean operator with the property indicated in the formu- 
lation of the theorem, let B, be a self-adjoint extension without spectrum 
and let w (¢; «) be the characteristic function of the operator B,. Further- 
more, let V be the Cayley transform of the operator A and let w (¢; x) be 
the characteristic function of the Cayley transform S, of the operator B,. 

Since B, has no eigenvalues, the function w(¢; «), which maps the 
unit circle on a subset of itself, never vanishes. Therefore, 


w (5 «) = 7%, 
where the function G (¢) is regular in the unit circle and has there a non- 
negative real part. Replace ¢ by 
A-— i 
A+1 


to obtain 
w (A; «) = ef, 


Here H ()) is a function which is regular in the upper half-plane and maps 
it into a subset of itself. 

According to Section 59, the function H (A) can be represented 1n the 
form 


ie @) 


HQ) = a+ pr+ | 


—- @ 


I+ 1A 
t—A 


da(t), 


where a is real, » 2 O and o(f) is a nondecreasing function of bounded 
variation. 

Since the spectral kernel of the operator A is empty, the function 
H (A) is also regular and real on the entire real axis. Therefore, by the 
Stieltjes inversion formula (Section 59) 


o (ft) = const., 
and 
H (A) = a + pa. 
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Thus, except possibly for a constant factor of absolute value one, 
w (A; x) = e'™, 

This yields 


kK — w(A; «) Kk — ela 
WO Ore ae 
But since 
w (i) = 0, 
we have 
u — ipa 


Comparing this formula with formula (18) we see that the character- 
istic function of the operator A coincides with the characteristic function 
of the operator of differentiation on the interval [0, »]. By Theorem 3 the 
operator A is unitarily equivalent to the operator of differentiation, which 
was to be proved. 

In connection with Theorem 3, there arises the question of the exist- 
ence of a symmetric (isometric) operator with given characteristic function. 
For isometric operators this question can be answered in the affirmative: 

THEOREM 5: Let w (¢) be a function which is regular in the unit circle, 
maps it in a subset of itself and satisfies the normalization condition w (0)=0. 
Then there exists an isometric operator V for which w (£) is the characteristic 
function. 

Proof: We define a function ® (¢) by means of the equation 


By Section 59, ® (2) can be represented in the form 
2r 


00 = [+L a0) 


0 


where o(s) is a nondecreasing function with total variation one. 
We introduce the space L2(0, 27) and define in it the unitary operator 
of multiplication by e”: 


Uf (t) = eM f (0). 
Let V be the isometric operator which coincides with the operator U on the 


hyperplane D, orthogonal to the function g(t) = 1. It is easy to verify 
that V satisfies the conditions of the theorem. 
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Indeed, since the spectral function E, of the operator U is defined 
by the equation 


E, f(s) = | t(s) (s $90), 


0 (s> ft), 
we have 
27 
((O-£)"'g,g)= | SO, 
0 : —§ 
27 sd 
((U — t£)"'Ug,g) = [ <2) 
0 e —§ 
and 


b((U — £E)"'g.g)_®O—-1_ yy 
((U —tE)"'Ug,g) O() +1 | 


which proves the theorem (cf. formula (15) ). 

If, for an isometric operator V with a given characteristic function 
w(¢), the manifold 4,(1) 1s not dense in H, then it is impossible to pass from 
V to its Cayley transform A. Therefore, in this case there exists no sym- 
metric operator with characteristic function 


A-1 

(22) w (A) w(5 a ) 

In order that the manifold 4,(1) be dense in H it is necessary to impose 
an additional restriction on the function (22). This matter is resolved in 
the following theorem. 

THEOREM 6: Let w (A) be any function which is regular in the upper half- 
plane, maps it into the interior of the unit circle and satisfies the normalization 
condition w (i) = 0. Then w (A) is the characteristic function of some simple 
symmetric operator if and only if 


limAfw(A)—e =a (O< ce Sargdsa7—e) 
A—> 00 


for each a such that 0 S a < 2m. 

Proof: We show that the manifold 4,(1) is not dense in H if and only 
if there exists a unitary extension of the operator V with an eigenvalue 
equal to one. 

The sufficiency of the conditon 1s evident since U is a unitary extension 
of the operator Vand Us = ¢% (4 40), so that foreach 9 € Dy), 


((V — E)9,$) =((U — E)9, 4) =(9,(U-! — E) yp) =0. 
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For the proof of the necessity of the condition we assume that 
((V — E)o, 4%) =0 (4 40) 

for each ¢ € Dy. We represent each vector fe H in the form f = ¢ + yg, 
and obtain for an arbitrary quasi-unitary extension S, of the operator V 
the equation 

(23) ((S,-E\fS») =(Vo — 9 + veg*— vg, ¥) = vix(g*.¥) — (8,4) }. 

Note that (g*, 4) 40, since otherwise the vector 4 would have the 
representation ¢ = V9,(9, € Dy, 9, 40) so that 


((V—E)9,Ve)=90 (geDy), 
and, consequently, 
(9, (E — V) 91) = 9. 
It follows that 
Vo, — 1 = 18; 
or 
Vo, = 91 + 18. 
But the orthogonality of the summands on the right side of the last equation 
and the condition || V,|| = ||9,|| imply that Ve, = 9,(¢, 4 0), which con- 
tradicts the fact that the operator V is simple. Thus (g*, 4) 40 and we 
can substitute 
— (8%) 
(g*, ¥) 
in (23). It follows that, for each fe H, 
((S, — E)f, ¥) = 0, 


K 


or 
Cf, (Sf — E) $) = 0. 

Since S* = S-., this equation implies that S.4 = ¢(% + 0) which is 
possible only for | « | = 1. Hence Sz is the desired unitary extension of the 
operators V with an eigenvalue equal to one. 

Now the proof of the theorem is reduced to the determination of 
necessary and sufficient conditions which the characteristic function of an 
isometric Operator V must satisfy in order that none of its unitary exten- 
sions has an eigenvalue equal to one. 

Let U be the unitary extension of the operator V which appears in 
formula (15) and let U™ be an arbitrary unitary extension of the same 
operator such that Ug = e'*g*. The deficiency element g is a generating 
element for each of the operators U™. Hence, the operator U (0 Sa <2z7) 
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does not have an eigenvalue equal to one if and only if the distribution 
function (F‘g, g) has no jump at t = 0, where F‘ is the spectral function 
of the operator U™ (0 S$ a< 27). 

10On the other hand it follows from the formulas (15a), (15b), (15c) for 

the characteristic function w (¢) that 

F 2a . 

OP fe (a) 
5 J pay dren. 


This equation yields the value » of the jump of the function (F‘g, g) at 
the point ¢ = 0, namely 


Using the indicated derivations, it is not difficult to complete the proof 
of the theorem. This task is left to the reader. 


‘Translator’s Note: This sentence and the one following do not appear in the original 
(Russian) edition. They are taken from the authorized German edition. 
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DIFFERENTIAL OPERATORS 


1. Self-Adjoint Differential Expressions 


We begin with the presentation of some facts concerning real differ- 
ential expressions (or, let us agree to call them differential operations) which 
are self-adjoint in the sense of Lagrange. 

In analysis courses it is established that a self-adjoint differential 
operation of the second order 

d* 
[,D? +1,D + lD° (1 = },{1), DE = “) 
under the assumption of the k-fold differentiability of the coefficients 
/,(t) can be represented in the form 


— Dp,D oF Dp, D*°, 


where p,(f) is differentiable. However, it is possible to consider such oper- 
ations without the assumption of the differentiability of the function p,(7). 
In this case the operator can be applied only to differentiable functions 
o (t) such that the product po?’ is absolutely continuous. 

We turn now to self-adjoint differential expressions of order 2n. We 
assume as the canonical form of such an operation the expression 


(1) /=pnD°—D{p,-,D—D[p,-.D?—...—D(p, D"~'— Dp,D").. .}}. 


If the coefficient p, _,(t) is & times (k=0, 1, ..., ) differentiable, then this 
is a self-adjoint ordinary differential operation, as may be verified immedi- 
ately. Since we do not assume the differentiability of the coefficients, we 
call operation (1) a quasi-differential operation. 

Let (a, b) be an open finite or infinite interval in which the differential 
operation (1) is considered. We assume that the coefficients p,(t) are 
measurable in this interval and satisfy the conditions 

p 


at 
; | Po(t) | 
in each closed subinterval [a, 8] of (a, b). 
162 


B 
(2) <0, | [p(t ldt < &, (k =1,2,...,n) 
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If the interval (a, b) is finite and if condition (2) is satisfied for a=a, 
B= b, then the operation (1) is called regular. If the interval (a, 5) is infinite, 
or it is finite but conditions (2) are not satisfied for a=a or B=5, then the 
operation (1) is called singular. The left end point a is called singular if 
a=—o ora >—o, but (2) fails with a=a. Singularity of the right end 
point b is defined analogously. If an end point is not singular, then it is 
called regular. Without loss of generality, we consider singular differential 
operations with one singular end point on the semi-axis (0, 00) and with 
two singular end points on the entire axis (— ©, ©). 

For convenience we introduce, in place of the derivative D*o = 9, 
the so-called quasi-derivative D'!o = o!*! which is defined by the following 
formulas: 


D‘*! — pk (kK = 0,1,2,...,” — 1), 
D'! = p,D", 
Di**l = p,D"-* — DD**-" (k= 1,2,...,n). 
Now operation (1) can be expressed in the form 
j= pi", 


Let D* denote the class of all functions 9 (t) € L?(a, b) for which each 
quasi-derivative I(r) (k =0,1,...,2n — 1) is absolutely continuous 
and the quasi-derivative 9'”! (1) belongs to L?(a, b). It is evident that D* 
is the maximal linear manifold in L*(a, b), on which the operation / has a 
natural meaning and can be considered as an operator in L(a, b). We 
denote this operator by L*, so that D*= D,.. We shall see later the pur- 
pose of this notation. 

From (1) it is easy to obtain for each pair of functions 9, % ¢ D* the 
so-called Lagrange identity 


lic e=eine= £ [?, HI, 


where [9, #], is the bilinear form 


[?, #1], => {BNC PE" (a) — p81 (2) PE Na) }. 


We shall use the Lagrange identity in the form 


B 


B 
[ leOW Oa - [ eOMOld = fe, 4% 


a 
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where [a, 8] is an arbitrary closed subinterval of (a, b) and 


[, #12 = [9, #]e — [9, ¥].. 
Since each of the integrals 
8 


B 
[ile 1¥@at, [ OO lar 


a 


exists for a = a and f = b, the bilinear form [¢, ¥], has a finite value at 
the end points of the interval (a, b), whether these end points are regular 
or singular; for the value of the bilinear form at a singular point we take 
the limit [¢, 4], as ¢ tends to this point. 

Let / be a quasi-differential operation, regular or singular in the 
interval (a,b), and let g(t) be a complex-valued measurable function 
defined in this interval. It is natural to define a solution of the quasi- 
differential equation 


(3) I[y] —Ay = g(t) 


for a given value of the parameter A as any function ¢ (f) such that ¢ (ft) and 
its quasi-derivatives up to the (2n—1!)th order are absolutely continuous 
and such that this equation is satisfied almost everywhere in (a, b). 

The following existence theorem holds for quasi-differential equations 
and can be proved easily by using Picard’s method of successive approxima- 
tions. 

THEOREM: The quasi-differential equation (3) has a solution. Moreover, 
it has only one solution which satisfies the Cauchy conditions 


gto) =a (kK =0,1,2,..., 2n — 1), 


where ty is an arbitrary interior point of the interval (a, b) or a regular end 
point. 

We note that if the operation / is regular in the interval (a, b), then the 
solution of equation (3) belongs to L%(a, b). If, in addition, g (t) € L?(a, b) 
then, by equation (3) itself, this solution belongs to D*. 

From the existence theorem it follows, in particular, that the linear 
manifold of solutions of the homogeneous equation 


(4) I (u] — Au =0 
has dimension 2n. Solutions u,, uo, ..., U2, Of equation (4) are linearly 
independent if and only if the Wronskian determinant 


W [Uy, Uo, ..., Uo,] = Det (ul*-" (1)) 
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does not vanish. An arbitrary system of 27 linearly independent solutions 
of equation (4) is called fundamental. 
If the functions 


(5) U,(2), UT), -- 5 Uenlt) 


form a fundamental system of solutions of the equation (4), then any 
solution of the non-homogeneous equation (3) can be represented in the 
form 


o() =Sao { u()g()ds +S cau(o. 


This result can be easily verified if one modifies properly the classical 
method of variation of parameters. Here, as in the classical case, it is 
established that the functions 


(6) V(t), Volt), . - - 5 Ven(t) 


form a fundamental system of solutions of equation (4). It is called the 
adjoint system of the system (5). 

For what follows we shall need the following simple 

LEMMA: If the operation | is regular in the interval (a, b), then equation 
(3) under the boundary conditions 


ya) = yb) =0 (k =0,1,2,...,2n —1) 


has a solution if and only if the right member g (t) is orthogonal to the 2n- 
dimensional manifold of solutions of the homogeneous equation (A). 
Proof: Let 9 (t) be the solution of (3) which satisfies the conditions 


eb) =0 (k =0,1,2,...,2n — DB). 
Applying the Lagrange identity to the function ¢ (t) and some function 


ut) of a fundamental system for equation (4), we obtain 


b 


(T) Sul ay g™Aa) — uf Ma) g™May} = [ u(s)g(S) ds. 


a 


Imposing the fundamental system to the initial conditions 


ano=[ 0 O2R 
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we obtain 


b 


— | 4-8 @as (r=0,1,...,n—1), 


(8) 9a) = ; 
| Hans) 8 (8) ds (r=nyn+1,...,2n—1), 


a 


which yields the assertion of the lemma. 


2. Regular Differential Operators 


Let / be a regular quasi-differential operation defined on the interval 
(a, b). If @ and ¢ are arbitrary functions of D*, then the difference 


(L*o, 4) — (9, L*¢) = [9, of 


in general is not equal to zero and hence L* is not a symmetric operator. 
In order that the right member of the above relation vanish, it is necessary 
to impose an additional condition on ¢ and ¢% and, moreover, to replace 
the domain D by a subset of D. In any case it is sufficient to require that 
each of the functions 9 and ¥¢ satisfy the relations 


(1) yea) = yb) =0 (kK =0,1,...,2n—1). 


We denote by D the set of all functions in D* which satisfy the 4” condi- 
tions (1). 

It is natural to expect that the operator L, with domain D,; = D, and 
which coincides with L* in this domain, is a symmetric operator. Since 


(Lo, $) = (9, Ly) 


for all functions 9, % € D, it is necessary only to establish that the manifold 
D is dense in L*(a, b). This fact is obvious if / is a differential operation; 
since in that case the manifold D contains, for example, all polynomials. 

For the proof that D is dense in L?(a, b) in the case of a quasi-differential 
operation /, we note that, by the lemma of Section 1, one can decompose 
L*(a, b) into an orthogonal sum 


(2) L*(a, b) = 4, ® No, 
where SJ, is the 2n-dimensional manifold of solutions of the homogeneous 
equation 
/ [uj = 0. 
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Let us assume that (hf, ¢) = 0 for all p¢ D. We must show that h = 0. 
With this aim, we denote by ¥ an arbitrary solution of the equation 


L(y] =h. 
By the Lagrange identity, 
(%, [oe] = U4], 9) = A, 9) = 0. 
Since /[p] = L*o = Lg € 4,, then by (2) 9 € Np, ie., 
I[p] = 0. 


Hence, h = 0, which was to be proved. 

We now prove that the operator L* is adjoint to L, which justifies the 
relation used. For the moment we denote the operator adjoint to L by 
M. Let ¢€ Dy, and let 


Mis =x. 
Let ¥, denote any solution of the equation 
I[y] =x. 


By the Lagrange identity, 
(9, x) = (9, [[%o}) 7 [9], ho) — (L¢, hq). 
foreach » e D. On the other hand, by the definition of the adjoint operator, 


(9, x) = (9, Mp) = (Le, ¥), 


and, hence, 
(Lo, $ — ¥) = 0. 
Now, since 9 € D, Is arbitrary, it follows from the decomposition (2) that 
py — oe Mp. 


This relation shows that 4 €¢ D* and, therefore, that 
My = x = |[%] = /[¥]. 

And so we have also shown that 

Mc L*. 
On the other hand, for arbitrary » ¢ D and ¥ € D*, 

(Lo, 4) — (9, L*P) = [9, ¥) = 0. 

Hence, 

L* cM, 
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which implies that 
Mea": 

Hence, our assertion is proved. 

The reader can easily verify that L** coincides with L, whence it 
follows that the operator L is closed. 

Since the equation 

L*t — Ab =0 

has (for each A) 2” linearly independent solutions, the deficiency indices of 
the operator L are (2n, 2n). Every symmetric operator generated by the 
operation / is an extension of L. Therefore, it is natural to call L a regular 
quasi-differential operator of order 2n with minimal domain. 


3. Self-Adjoint Extensions! of a Regular Differential Operator 


To describe all self-adjoint extensions of an operator L, itis sufficient to 
indicate the domains of all these extensions. We show that the domain of 
each self-adjoint extension of the operator LZ can be defined with the aid of 
certain boundary conditions, and we characterize all such conditions. 

Let L denote some self-adjoint extension of L. In order that a function 
g in D,. also belong to D; it is necessary and sufficient that 


(L*9, $) = (9, Ly), 
or, by the Lagrange identity, that 
(1) [o, ¥]2 =0 
for all ¥ e Dz. Since 
dim D; = 2n (mod D,), 


there exists 2m functions w,, Ws, ..., We, in Dz such that each function 
y € D; can be represented in the form 


b = po > aw,  (%)€D,). 
By condition (1) of section (2), 
[9, bol — 0 


for each function ¢ in D,.. Therefore, condition (1), which contains an 
‘‘arbitrary” function ¢, is equivalent to the set of 2” conditions 


(2) [9, w]e = 0 (kK — epee ., 2n), 
In the present and following sections, self-adjoint extensions are always of the first kind. 


__For the general form of boundary conditions which characterize self-adjoint extensions of 
differential operators cf. M. G. Krein [4], Vol. I, and also A. A. Graff [1], Vol. I. 
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where the functions w,, Wwe, ..., We, belong to Dzand satisfy the conditions 
(3) iw,.weH=O: k= 1; 2510-4 Qn). 


Equation (2) can be considered as a system of boundary conditions and 
equation (3) as a property of the coefficients of these conditions. The 
boundary conditions (2) can be written in the form of 27 linearly independent 
equations 


2n 2n 
(2) Saxe a) + Be (6) =O (i =1,2,..., 2n), 
k=1 k=l 
where 


Qin = wh" *I(q), Qi ntk —yir-4 (a), 
Bix way wln- kI(b), cee a wir 4] (b), 


Then equation (3) takes the form 


n n 
— bag so-1 —_—— 
ye rere Se ee Opor = 

r=1 r=] 


(3) eer 
— D1 Bi, Be, 2-41 — DUB, eee ae 


Thus, the domain of each self-adjoint extension L of L consists of all 
the functions » € D,. which satisfy the 27 boundary conditions of the 
form (2’) with coefficients having the properties (3’). 

We assume now a system of 2” boundary conditions of the form (2’) 
with coefficients which satisfy conditions (3’) and we prove that such a sys- 
tem determines in the sense mentioned above the domain of a self-adjoint 
extension of the operator L. 

Let us assume for the moment that there exists 2” functions w,, we, 
. «+, We, in D,. which satisfy conditions (4). Then condition (2’) and equa- 
tion (3’) take the forms (2) and (3), respectively. We must show that condi- 
tion (2), with the functions w, € D,. which satisfy relations (3), determine 
a self-adjoint extension of L. With this aim we denote by D the set of all 
functions g € D,. which satisfy conditions (2) and by D’ the set of all 
functions of the form 


(4) (A =1,2,...,n). 


2n 
b = + 2) aK Wis 


where # € D, and ay, ag, ..., a9, are arbitrary constants. Condition (2) 
is equivalent to 
(5) [7,4], = 0 


for every % € D’. Since every function in D’ satisfies this condition, relation 
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(3) holds. Hence, D’ < D. But since both manifolds D and D’ are 
2n-dimensional modulo D,, D = D’. Therefore, D(D, <¢ D < D,.) is 
the set of all functions 9 e D,. for which equation (5) is satisfied for all 
¥ € D. By the lemma in Section 41, the operator L < L* with domain D 
is a self-adjoint extension of L. 

It remains to show that there exist functions in D,. which, together 
with their quasi-derivatives up to and including the (2n—1)th order, 
assume prescribed values at both end points of the interval [a, 5]. Let 
g,(t) be any function which is orthogonal to the manifold of solutions of the 
homogeneous equation (5) of Section 1. Let w,(t) denote the solution 
of the equation 

I[y] — Ay = g,(?), 
which satisfies the given conditions at the point a. By formula (8) of Section 
1, w*(b) = 0 (k = 0,1,2,...,2n—1). We construct an analogous func- 
tion w,(t) which satisfies the given conditions at the right end point. Then 
the sum ,(t) + ,(f) is a function in D,. which satisfies all of the required 
conditions. 

Thus, we have proved the following theorem. 

THEOREM: A system of linearly independent boundary conditions (2') 
determines a self-adjoint extension of L if and only if there are 2n boundary 
conditions and the coefficients in (2') have property (3’). 

By means of well-known calculations, it 1s easy to construct the Green’s 
function G (t, s) of an arbitrary self-adjoint extension L of L. The function 
G (t, s) is a Hilbert-Schmidt kernel and the integral operator K determined 
by this kernel is related to the operator L by the formula 

L=K"' 
It follows that the spectrum of the operator L consists only of eigenvalues 
with the unique limit point infinity. 

In conclusion, we note that if one omits equation (3’) then the boundary 
conditions (2’) determine a quasi-self-adjoint extension of the operator L 
in the sense of Section 5 of Appendix I. 


4. Singular Differential Operators? 


We begin with the case in which the interval is (0, 00), 1.e., the right 
end point of the interval is singular. We assume the left end point to be 
regular. 


*Sections 4, 5, and 6 of the present appendix are excerpts of the dissertation of I. M. 
Glazman [1], [3], Vol. I. 
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Let us define the operator L’ by the equation 
L'e = I[¢9] 


on the manifold D,. of all functions in D* which vanish outside a finite 
interval and which satisfy the conditions 


(1) (0) = gO) =... = ph" NO) = 0. 


Since the operator L’ is obviously symmetric, it has a closure, which 
we denote by L and call the singular quasi-differential operator, with 
minimal domain generated by the operation /. The following theorem justi- 
fies this designation. 

THEOREM |: The operator L* is adjoint to the operator L. 

Proof: As in Section 2, we denote by M the operator adjoint to L. 
The relation 


D,. © Du 
and the equation 
My = If} 
for ¢ « D,. are obvious. Hence, it remains only to prove that 
Dy < Dy. 
With this aim, as in Section 2, we choose a function ¢% € D,, and let 
Mes = kx, 
Furthermore, let %, denote some solution of the equation 
I{y] =x. 


Now it remains to prove that 
# (t) = H(t) + u (0), 

where u (tf) 1s some solution of the equation 

(2) i[y] = 0. 
Now we choose a function g (t) € L?(0, oo) which vanishes for t 2 a and Is 
orthogonal to the 2” dimensional manifold of solutions of equation (2) in 
the interval 0 < ¢ S$ a. Then, by Section 1, there exists a function 9 (f) 
which equals zero for ¢ 2 a and satisfies the equation 

Ile] =g 
and also condition (1). Obviously,  € D,;, < D, and, hence, 
(g, #) = (Le, 4) = (9, MY) = (¢, x). 

But, on the other hand, 


(8, Ho) = Ue], 40) = ( /[Yo]) = (¢, x). 
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Therefore, 
(g, 4 — %) = 90. 
Since g (f) is arbitrary, 
p(t) — ot) = u (0), 
where u (ft) is a solution of equation (2). 
Remark: Each function in D, satisfies condition (1). Indeed, let ¢ (£) 


be a function in D,- which vanishes for t 2 a. Then, for g € D,, the 
equations 


(Lo, #) = (9, L*¥), 
(/[e], ¥) = [9, ¥]o + (9, /[¢]) 
imply that 
[?, ¥]o = 0 
and, hence, 


[?, +o = 0. 


Since the values #*~'(0) (kK = 1, 2,..., 2”) are arbitrary, this means that 
the function 9 (f) satisfies condition (1). 
We come now to the question about deficiency numbers of the operator 
L. They are identical since the coefficients of the operator / are real. 
THEOREM 2: The deficiency number m of a quasi-differential operator 
of order 2n on an interval with a singular end point satisfies the inequality 


(3) nism S$ 2n. 


Proof: The right inequality follows immediately from Theorem 1. 
For the proof of the left inequality we use the first Neumann formula 
(Section 80) 


D,. a D, ® N,@ Nz. 


By the equality of the dimensions of the subspaces Jt, and Yt; it is 
sufficient to prove that 


dim D,. 2 2n (mod D,). 


With this aim, we prove the existence of 2n linearly independent functions 

which, together with their linear envelope, lie in D,. but (with the exception 

of the function zero) outside of D,. It is not difficult to see that it is possible 

to take as such functions any linearly independent functions ¢,(2), ¥,(¢), 
.,¥ »,(t) from D,. which satisfy the condition 


Det (¥/*-"! (0) ) 40. 
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Then from the assumption 


ip = a ai; € D, 
follows (cf. the remark to Theorem 1) the equation 
#0) = $0) =... = $F O) =O, 
and, hence 
p(t) = 0. 


From Theorems | and 2 it follows that the number of solutions of the 
quasi-differential equation 


uj —’u=0 (30), 


which belong to L?(0, 00) does not depend on A and is not less than half of 
the order of the operation /. 
The integer ™ in inequality (3) can be chosen arbitrarily between 1 and 
2n. It is interesting to note that for /, = —i(1+4)D (1 +dand/,= D?—1 
the operation 
PS TO se eve (nat =n) 


generates an operator of order 2n, on the interval (0, oo), with minimal 
domain and with deficiency indices (m, m). The verification of this fact is 
left to the reader.’ 

The investigations relating to the case of the interval (— 0, 00) with 
two singular end points is similar to the one given above. 

The operator L with minimal domain in this case is defined as the 
closure of the operator L’, but it is necessary to omit condition (1). Theorem 
1, which characterizes the operator L*, is preserved. Theorem 2 is replaced 
by the following theorem. 

THEOREM 3: Let L‘~) and L‘*? be two singular quasi-differential oper- 
ators with minimal domains, generated by the operator | on the intervals 
(— 00,0) and (0, ©), respectively. Under these conditions the deficiency 
number m of the operator L is defined by the formula 

m =m? + m@ — 2n, 
where m~ and m™ are the deficiency numbers of the operators L‘~ and L\*? 
respectively. 

Proof: Let D, denote the linear manifold of functions » € D,- such 
that 

9 (0) = oO) =... = ol") = 0, 


3In this connection cf. I. Glazman [1], Vol. I. 
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and let Lo denote the restriction of the operator L’ to Dy. Let L, be the 
closure of Lj. Obviously 
dim D, = 2n_ (mod D,). 
But, by a remark in Section 80 (page 100), dim D, (mod D,,) equals the 
difference of the deficiency numbers of L, and L. Hence, the deficiency 
number of the operator L, equals 
My =m + 2n. 


On the other hand, the operator L, 1s reduced by the subspaces L?( — 0, 0) 
and L7(0, «). Hence, 

L, = hee a) L®) 
so that 

my = m> + mm 
and 

m =m + mO) — 2n, 

which was to be proved. 


5. Self-Adjoint Extensions of a Singular Differential Operator 


Self-adjoint extensions of a singular operator, analogous to self- 
adjoint extensions of a regular operator, can be characterized by means of 
a system of boundary conditions that have a structure more complicated 
than the corresponding conditions of Section 3. Let us consider the case 
when only one end point of the interval is singular. 

The general theory of extensions (cf. Section 80) yields 

THEOREM 1: Let the deficiency indices of the operator L be (m, m) 
(n Sm S 2n) and let the functions 


u,(t; A) « L(0, 00) (kK = 1,2,...,m) 
form an orthonormal system of solutions of the equation 
I[u] — Au = 0 


for some fixed non-real value X.. Under these conditions there exists a one- 
to-one correspondence between the class of all self-adjoint extensions L, of 
the operator L and the class of all unitary matrices 6 = (6,,) of order m. 
This correspondence is defined by the formula 


(1) Di, = Di ® Is, 


where I, is the linear envelope of the functions 


w(t; A) = u(t; A) + >> 64. u,(15A). 
Pg 
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Proof: It is sufficient to note that the functions u,(t; 4) form an ortho- 

normal system of solutions of the equation 
L*g — dg = 0. 

We now concern ourselves with the clarification of the boundary 
conditions which characterize the functions in D,,. 

THEOREM 2: Let L, be a self-adjoint extension of the operator L with 
deficiency indices (m, m), defined in the sense of Theorem 1 by a unitary 
matrix 8. Furthermore, let the functions w(t; 4) (i = 1, 2,...,m) have 
the same meaning as in Theorem 1. Then the domain D,, of the operator 
L, consists of all the functions ¢ (t) in D,. which satisfy the m conditions 


(2) [o, WJ =O CG =1,2,...,m). 

Proof: By the Lagrange identity, the functions 9 (t) €e D,. belong to 
D,, if and only if the condition 

(3) [?, #]o = 0 


is satisfied for all ¥ (t) in D,,. It remains to show that the system of condi- 
tions (3), which contain the arbitrary functions ¥ (t) € D,. is reduced for 
o (t) ¢ D,. to a system of m conditions (2). 

By formula (1), the function ¥ (7) has the representation 


H() = Het) + Dams) (el) € Dy). 


Therefore, 


[?, ¥]o = [9, elo” + 2 cle, wi? |e. 
Since 9,(t) € D,, 
[9, Pole = 0 


for 9 (¢) ¢ D,.. Since the constants c(i = 1, 2,..., m) are arbitrary, con- 
ditions (3) and (2) are equivalent. 

We call equations (2), which involve passage to a limit, boundary 
conditions. The following theorem gives a case for which the boundary 
conditions involve no passage to a limit. 

THEOREM 3: If the deficiency indices of the operator L are (n,n), then 
the system of boundary conditions which define the self-adjoint extension 
L, of the operator L has the form 


(4) [o, w]e =O G=1,2,...,7). 
Proof: It suffices to show that, under the conditions of the theorem, 
[9, ¥]n =0 
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for all ¢ (t), 4 (t) e D,.. With this aim, we choose in D,. the functions 
o(t) G =1,2,..., 2n), ¥(t) =O fort>a>0, 
so that 
Det (¥/*" "1 (0) ) 40. 


The linear envelope of the functions ¥,(t) and D,; have only the zero ele- 
ments in common. On the other hand, by the assumption on the deficiency 
indices of L, 

dim D,. = 2n (mod D,). 


Hence, for each function 9 (t) € D,. there exists constants a,, a,,..., ao, 
such that 


0 (1) — Sayh(d) = a(t) € Dr 


Therefore, since the functions ¥(t) (i = 1, 2,..., 2m) vanish for t > a and 
eo '(0) = O(k = 1,2,..., 2n), 


2n 
[?, t) «0 = [Po ap a; bi, b) 0 = [o, t].0 — [0 bo = 0. 


We must note here that, in the general case, the boundary condition 
(2) depends essentially on the functions wO(i=1, 2,...,m), so that it is 
not defined until the operator Lis given. However, if the deficiency indices 
of the operator L are (n, n), then the boundary condition (4) can be freed 
from dependence on the functions w{(t; A) by the method of Section 3 
and then (4) does not depend on L. 

In the case of the deficiency indices (2n, 2m) the number of boundary 
conditions which determine a self-adjoint extension of a singular operator 
is equal to 2n as in the case of a regular operator. In view of this circum- 
stance and some other considerations (cf. Theorem 2 of the following 
section) we call a singular operator with the deficiency indices (2n, 2n) 
quasi-regular. 

For the differential operator of the second order, the only possible 
cases are m=2 and m=]. This was first observed by Weyl who called 
m=72 the case of the /imit circle, and m=1, the case of the /imit point. We 
shall clarify the meaning of this terminology in Section 9. 

Since the construction of the boundary conditions for the case of an 
interval with two singular end points can be reduced without difficulty 
to the method used in the present section, it is omitted. 

In conclusion, we consider briefly the question of self-adjoint exten- 
sions Ly which are real with respect to the operator of complex-conjugation 
in L7(0, 00) (cf. Section 45). The operator L* is real with respect to the 
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operator of complex conjugation, since the coefficients which generate the 
quasi-differential operators are real. So LZ is real if and only if the manifold 
D,, contains the conjugate ¢ (f) of each function ¢ (‘) in D,,. By means 
of this fact and formula (1), it is easy to establish that the operator L, 1s 
real if and only if the unitary matrix 6 = (6,,) is symmetric,’ L.e., 


6. — 6, (i, k = l, 2: Cr) m). 
In the following section we shall need the existence of only one real 
extension. This follows from formula (1) if we choose for @ the unit matrix. 


6. The Resolvents of Self-Adjoint Extensions 


In the present section we show that the resolvents of self-adjoint ex- 
tensions of a quasi-differential operator L are integral operators and we 
characterize the class of the kernels of these integral operators for distinct 
deficiency indices of the operator L. We begin with two lemmas. 

LEMMA |: The resolvent of a self-adjoint operator which is defined in 
L*(0, 00) and real with respect to the operation of complex conjugation on 
all functions g (t) € L?(0, 00) which vanish outside of a finite interval, has the 
form 


Rg = [KG 5; A) g (s) ds. 
0 


The kernel K (t, s; A) is continuous in s and t for 


t>0,s>0 (ts), 
and 
K (t, s;A) = K (s, t; A). 

The proof follows immediately from the relation Ry = /R,I (cf. 
Section 45) and the fact that the function g (f) is arbitrary. 

LEMMA 2: Let L be a homogeneous and additive (but not necessarily 
bounded) functional defined for all functions g (t) of L?(0, 00) which vanish 
outside of a finite interval. Suppose that L is bounded on L*(0, a) for each 
finite a>0. Then L has the representation 


(1) L(g) = { ghG) as 


Here h (t) is a function determined by the functional L and belongs to L>(0, a) 
for each finite a >0. 


“In particular, it follows that in the case with the deficiency indices (1, 1) every self-adjoint 
extension is real. 
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The proof follows from the theorem of Riesz on the representation of 
a linear functional (cf. Section 16), according to which 


(2) L(g) = [ s@A)ds (ha(s)€L*0, a)) 


for each g (t) ¢ L2(0, a). The functions /,(t) which appears in this representa- 
tion have the following property. If a;< a, then 


h(t) = h(t) 
for almost all t<a,. This follows from the fact that for each function 
g (t) in L(0, a,), there are the two representations 


L(g)= { 2 (s)h,(s) ds, 
0) 


L(g) = [ gh) ds = [ g(s) has. 
0 0 


Hence, 
| 1.) — ha (9) le @) ds = 0. 


The fact just proved permits us to write formula (2) in the form (1). 

THEOREM 1: The resolvent R, of each self-adjoint extension L of a 
guasi-differential operator L with deficiency indices (m, m) at the points 2 of 
regular type, is an integral operator. 

Proof: First we give the proof for an arbitrary real self-adjoint exten- 
sion, after which we show that if the theorem is valid for one of the self- 
adjoint extensions, then it is valid for all self-adjoint extensions. Let L, be 
a real self-adjoint extension of L and let R® be the corresponding resolvent 
(where A is a fixed point of regular type of the operator L). 

Note that the element Rg (for g (t) ¢ L2(0, ©) ) must be in the mani- 
fold of solutions of the inhomogeneous quasi-differential equation 


(3) I[y] — Ay =g. 
Consider the corresponding homogeneous equation, 
(4) I[u] — Au = 0. 
We choose a fundamental system of solutions u(t; A) (@ = 1, 2,..., 2”) 


such that the first of these functions belong to L?(0, 0). (Then the solu- 
tions u,,41(t; A), ... , Ue,(f; A) together with their non-trivial linear com- 
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binations lie outside of L?(0, 00) ). Here we do not assume as we did in the 
preceding section, that the solutions u,(t; A) (i=1, 2,...,m) be ortho- 
normal. 

By Section | of Appendix II, the general solution of equation (3) has 
the form 


2n 2n 
(3) =Laalesa) | los Ae (s)ds +> eamnl ts, 
0 

Here the system v,(t; A) (k=1, 2,..., 2) is the adjoint to the fundamental 
system u,(t; A) (kK=1, 2, ..., 2n) of solutions of equation (4). The con- 
stants c,(k=1,2,..., 2m) in formula (5) are uniquely determined if we 
require that 9 (ft) = R°g. We now determine the values of the constants 
for which this condition is satisfied under the assumption that g (f) vanish 
outside of a finite interval. 


First, we must make sure that 9 (t) belongs to L?(0, «). For ¢ 2 a, 
g(t) = 0 and, hence, 


9 (ft) = Mult r) { v,(5; A) g (s) ds +S C,U,(t3 A). 
Then 9 (t) belongs to L7(0, ) if and only if 
ae —[v(s5)g@)ds= = [u(s;g(o)ds (k=m+1l,m+2,...,2n). 
0 0 
For this choice of these constants R° has the representation 


Rig = — Sa of v,(5; A) g(s) ds + 
# 2 Cuda E3 A) — > u(t; A) i vx(55 A) g(s) ds = 
0 
a Salt; a) | v,(5; A) 8 (s) ds — 
k=} : 


2n . m 
— Yo ug(s) | vu(s5A8(s) do + cxta(t5 
k=m+1 k=1 
Or 


(6) R°g = = frosneoasS C, U,(t; A), 
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where 


—, 


Se u(tsdy(s3r) (s $2) 
K(t,s;) = ae 
— S$ u(t) x53) (s> 0. 


k=m+1 

In representation (6) g (ft) is any function of L?(0, 0) which vanishes 
outside of some finite interval and the c,(k = 1, 2,...,m) are the con- 
stants which correspond to it. From this representation it follows immedi- 
ately that the constants c,(k = 1, 2, ..., m) are homogeneous and additive 
functionals defined on all such functions in L?(0, 0). We show now that 
these functionals c, = c,(g) (k = 1,2,..., m) satisfy the conditions of 
lemma 2, 1.e., that they are bounded in L?(0, a) for each a<oo. We apply 
to both members of equation (6) the operator P, of projection on the sub- 
space L?(0, a) and then form the scalar products with u(t; A) (i=1, 2, ...,m) 
to obtain 


(7) (P, Rg, u;) ane (Kg, U;) + Doe Patas u;) G = l, Z a | m), 
=| 


where 
Ke Pp. | K (t, 5; A) g (s) ds. 
0 


In the system (7) of m equations with m unknowns c, (k=1, 2,..., mm), 
the norms of the operators P,R° are bounded for all positive a< oo bya 
number which does not depend on a, the norms of the integral operators 
K, in L*(O, co) with Hilbert-Schmidt kernel are bounded for all a< by 
a number which depends on a and, finally, the Gram determinant 

Det ( (Pay, u;) ) 
is different from zero by the linear independence of the solutions u,(t; A) 
(kK=1,2,...,m). It follows that the c,(k=1,2,...,m) are functionals 
which are bounded in L?(0, a) for each a<oo so that, by Lemma 2, they 
can be represented in the form 


ex(e) = | (8) ¥uls30)ds (k= 1,2,...,m) 


where the functions ¥,(s; A) (k=1, 2,...,m) belong to L?(0, a) for each 
a<oo. Now the representation (6) assumes the form 


Reg = | K(t,53)g()ds + S(t A) | (8) oulssA) ds, 
0) ~ 0] 
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Or 
(8) Rg = | Kot, 53 ) g (s) ds, 
0 


where 


Dd ut5 A) [y(s3 +4554) ] (SSO, 
(9) Kt, Ss; A) _ - 2n 
Da ualts A) #,(5; A) ae ut; A)y,(s;A) (Ss >t). 
Formula (8) shows that the resolvent R° is an integral operator on all 
functions g (f) in L?(0, 0) which vanish outside of a finite interval. 
From these considerations it still does not follow that R° is an integral 
operator. By the boundedness of the operator R9 it follows from formula 
(8) only that, for each function in L°(0, o), 


n 


(10) R°g =L.im. | K,(t, 5; A) g(s) ds. 
n—-D 0 


In order to derive from this the desired representation of the resolvent in 
the form 


(I) R=] Kils:e6)ds  (@@MeL*O, ©), 


it is sufficient to prove that the integral 


| K,(t, 5; A) g (s) ds 


exists for each function g (tf) € L?(0, 0). For this, in turn, it is sufficient 
that 


(12) | \K,(t,5:) Rds <0 (OS1t<~), 


or, equivalently, that the kernel K,(t, s; 4) belongs to L?(0, 0) as a function 
of s for each ¢. 

From formula (9) it follows that the kernel K,(t, 5; A) belongs to 
L?(0, oo) as a function of t for each s since u,(t; A) € L?(0, oo) for k=1, 2, 
...,/. By Lemma 1, the function K,(t, 5; 4), which corresponds to the 
resolvent of a real self-adjoint extension, is symmetric with respect to the 
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arguments sand f. Therefore, the integral (12) exists and the representation 


(11) is established.® 
To complete the proof of the theorem it remains for us to generalize 


representation (11) to the case of the resolvent R, of an arbitrary (not 
necessarily real) extension L of the operator L. 

Since the element R, g (g (t) € L(0, 00) ) belongs to the solution mani- 
fold of equation (3), we can represent it in the form 


2 = 2n 
(13) Ryg = Ryg + Qo Cablas 


where R° is the resolvent of a real self-adjoint extension. From this repre- 
sentation, in correspondence with the choice of the fundamental system 
u(t; A) (k=1, 2,...,2n), it follows that for k $m the c, vanish and for 
k >m the c, are linear (i.e., homogeneous, additive, and bounded) func- 
tionals defined on L?(0, 00) and, hence, have the representation 


(14) ce = els) = | 8 () xi(53 9) ds, 


where the functions x,(s; 4) (k=1, 2,..., m) belong to L?(0, ©). 
Substituting (14) into (13) and defining the kernel K(t, 5; 4) by the 
equation 


(15) K (t,8;) = Ko(t,532) + Sous )% (53), 
k=1 


we finally obtain the integral representation of the resolvent in the form 
Rg =| K(5;%g(s)ds_— (g()eL40, «)). 
0 


Thus, Theorem | is completely proved. 

THEOREM 2: The kernel K (s, t; A) of the resolvent R, of an arbitrary 
self-adjoint extension L of the operator L with deficiency indices (m, m) 
satisfies the conditions 

(1) [1K (530) ds< 00, [| R(t,532) dt < 0, 

0 


0 


*In the above considerations the symmetry of Ko(s, ¢; A) is essential in the transition from 
(10) to (11) in order to avoid the question of the behavior of the functions vs; A) (k=m+4+1, 
m+2,..., 2n) and ¥,(s; A) (kK=1, 2, ..., m) as s—> co. Furthermore, the symmetry of the 
ica s; A) implies certain properties of these functions at infinity (cf. Theorem 3 
Page : 
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and if the operator is quasi-regular (m=2n) also satisfies the condition 
(17) | [ike SA) |? dsdt < 0. 
0 0 


Proof: Property (16) follows immediately from formula (15), since 
the function K,(f, s; 4) (in each of the variables s and f) and the functions 
x.(s; A) (k = 1, 2,..., m) belong to L(0, oo). 

Wecome now to property (17). Weestablish first that for any deficiency 
indices (m, m) (nS$m#S2n) of the operator L, the functions ¢%,(t; A) (k= 
1,2,...,m)and y,(t; A)(k=m+1,m-+2,..., 2m) which appears in formu- 
la (9) for K,(t, s; 4) belong to L?(0, oo). With this aim we again use the 
symmetry of the function K,(¢, s; 4), which implies that 


2n 


(18) = ui(s3 A) (E52) — 30 (534) (6%) = 


= Dd Dads; A) + 2 (85 A) ]u,(t; A). 
We choose numbers 5), 52, ..., 52, such that the determinant 
Det (u,(5;;A) ) 40 


(this is possible since the functions u,(s; A) are linearly independent) and 
we let s=s; (i=1,2,..., 2”) in equation (18). Solving the resulting 
system of 2” equations in terms of the 2” functions ¢,(t; A) (k=1, 2, ..., 7) 
and v,(t; A) (K=m+1,m+2,...,2n) we find that each of these functions 
is some linear combination of the functions u,(t; A),...,u,,(¢t; A) and, 
hence, belongs to L?(0, 00). 

We now establish property (17). In the case of a quasi-regular operator 
(m=2n) all summands in the first part of formula (9) belong to the space L? 
of functions of two variables in the quadrant ¢ > 0, s > 0 and, hence, 


(19) | | | Kilt, 5, A) Pdsdt <0. 
0 0 


Property (17) follows from (19) by means of (15). 

From the proof of the theorem it follows that, in the case of a quasi- 
regular operator L, the resolvent of an arbitrary self-adjoint extension L 
of L is defined in terms of a Hilbert-Schmidt kernel and therefore is a com- 
pletely continuous operator. 

From Theorem 2 it follows that the real and imaginary parts of the 
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kernel of the resolvent of any self-adjoint extension of the operator are 
Carleman kernels.® 

We note that the arguments in the proof of Theorem 2 yield the follow- 
ing theorem. 

THEOREM 3: Let m denote the maximal number of linearly independent 
solutions of equation (4) which belong to L*(O, 0). If the first m functions in 
the fundamental system of solutions of equation (4) belong to L?(O, 0), then 
the last 2n-m functions in the adjoint fundamental system of this equation 
also belong to L*(O, 0). 

The following theorem is concerned with a case when it is possible to 
deduce the deficiency indices of the operator L from the number of func- 
tions in L°(0, 00) which satisfy equation (4) with A real. 

THEOREM 4: Jn order that an operator L of order 2n have deficiency 
indices (2n, 2n) it is necessary that the equation 

I[u] — Au =0 
have 2n solutions in L?(O, 0) for each real and sufficient that this equation 
have 2n solutions in L?(Q, 0) for at least one real 4. 

Proof: For the proof of the necessity, we recall that in the case of a 
quasi-regular operator, the resolvent of its self-adjoint extension L is a 
completely continuous operator and, hence, the spectrum of L consists only 
of eigenvalues A,(r=1, 2, 3,...) with the unique limit point A=oo. It 
follows that all points of the plane are of regular type with respect to L 
except perhaps for the points A,(r = 1, 2, 3,...). If A, is not of regular 
type, then 4, is an eigenvalue of L. This is impossible, since the equation 


Le —A9 =0 
is equivalent to 


under the conditions 


(0) = gO) =... = pl" 1(0) = 0 


and, by the existence theorem of Section | (Appendix II), has only the solu- 
tion 9 (t) = 0. 


8A Carleman kernel is a measurable (in general, complex valued) function 
K(s, 1) (—c0<?<oe) for which: 


1° K(s, t) = K(t, s) 


almost everywhere in the (s, t)-plane; 
le 0) 
22 J KG, DP dt<co 
- © 
almost everywhere on the s-axis. 
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Thus, in the case of deficiency indices (2n, 2m), the whole A-plane is 
the field of regularity of the operator L. By the theorem on the invariance 
of the deficiency indices (Section 78) every solution of equation (4) with 
arbitrary 4 (real or not real) belongs to L?(0, 0). 

The sufficiency of the theorem follows immediately from Theorem 4 of 
Section 83. 

It is not difficult to transfer the results obtained in the present section 
to the case of an interval with two singular end points. We sketch the proof 
of the fundamental Theorem | for this case. Here, as in the case of one 
singular end point, it is sufficient to consider the resolvent of an arbitrary 
real self-adjoint extension. Let (cf. the proof of Theorem 3, Section 4, 
Appendix II) the deficiency numbers of the operators L, L‘~) and L‘*? be 
m, m™~) and m™)?, respectively. By Theorem 3 of Section 4, 


m? =n + p, 


mM =n+m— p. 

We choose a fundamental system of solutions of equation (4) such that 
the first m solutions u,(t; A) belong to L?(— 00, 00). In the (2n—m) dimen- 
sional linear envelope of the remaining solutions of this system there 
exist n—p—m linearly independent solutions in L?(— 0, 0), which we 
denote by u,,, ,(f; A), ..-, U,+,(t; A), and n—p linearly independent solu- 
tions in L*(0, 00), which we denote by u,,,.,(t5 A), ..., Ua,(t; A). We 
remark that the functions 


Un +(t5 A)y oo + 5 Uns p(E5 A)y Uns pe i(25 A), «+ 5 Uan(t5 A) 
are linearly independent. Otherwise a linear combination of them would 
belong to L?(— 0, 0), which would imply, contrary to assumption, that 
the deficiency numbers of the operator L exceed m. With the aid of the 
chosen fundamental system u,(t; A) (k=1, 2,...,2n) each solution of the 
equation 
i[y] —Ayv =8, 

(where g (¢) is a function which vanishes outside of a finite interval) can be 
represented in the form 


t 
2n Zn 
0) = Stale; a) | ve(s5 ABO) ds + Do cgu(t5 2. 
For suitable choice of the constants c,, this function coincides with R®g. 

An argument similar to that for the case of one singular end point 
yields a complete proof of Theorem 1 and Theorem 2 for the case of two 
singular end points. 
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7. Inversion Formulas Related to Differential Operators 
of the Second Order 


In Section 69 it was proved that every self-adjoint operator A with a 
simple spectrum determines an isometric mapping V of the space H onto 
some space L?. Under this mapping the operator A goes into the operator 
of the multiplication by the independent variable. If FE, is the spectral 
function and g is any generating element of the operator A, then oa (A) 
=(E,g, 2) and the indicated isometric correspondence is defined by the 
formulas 


(1) P(A) = VY, 


(2) f=V> (0) = | A) dB, 
where the element f and the function & (A) are in H and L?, respectively. 
If fe D,, then instead of formula (2) the following equation holds: 


Ars { A® (2) dEg. 
We call formulas (1) and (2) the inversion formulas related to the self- 
adjoint operator A. 

In Example C of Section 77 we obtained as the inversion formulas 
related to the operator of differentiation on the entire real axis, the mutu- 
ally inverse Fourier-Plancherel transformations of the space L?(— 00, oo) 
onto itself 


iG a 1. im. Jes | soe 


43 | ~in 
fLim he f 9004 dt. 


Here any improper element may be taken as a generating element. 

Operators with multiple spectrum also generate inversion formulas 
which are analogous to formulas (1), (2). 

The problem of the present and the following section is to obtain in- 
version formulas connected with singular quasi-differential operators on 
the semi-axis. This problem was solved first for the operator of second 
order by Weyl.’ We begin also by considering operators of the second 


"Cf. H. Weyl [2], Vol. 1. The results of Weyl were obtained recently by B. M. Levitan [2], 
Vol. I, by another method. 


7. INVERSION FORMULAS: DIFFERENTIAL OPERATORS OF THE SECOND ORDER 187 


order but we use a very general and powerful method recently discovered 
by Krein.? This method was called by its author the method of the direction 
functionals. \t permits us to obtain inversion formulas for quasi-differential 


operators of any order (cf. the following section). 
Thus, let L be a quasi-differential operator with minimal domain, 


generated by the operation 


d a 
ee 


on the interval (0, co) with one singular end point. We assume that the 
deficiency indices of L are (1, 1).° As we shall see, in this case the spectrum 
of each of the self-adjoint extensions of L is simple. 

Let L be a self-adjoint extension of the operator L which is determined 
by the boundary conditions’® 


P(t) e'(D |r-0 = 99 (0) (30 = 0), 
and let u,(t; A) and u,(t; A) be the solutions of the equation 
uJ —Au=0O (8A=090), 
which satisfy the initial conditions 
u(O;A)=1, p(t) u(t; A) |,-0 = 9, 
uO; A)=0, p(t) us(t5 A) [reo = I. 
We denote the set of all functions f(t) in L?(0, co) which vanish outside 


of a finite interval by D and we define on D a homogeneous and additive 
functional 


®(f:% = | (Qu (GA dt 


where 
u(t; A) =u,(t; A) + Ou,(t; A). 
Following M. G. Krein, we call ® ( /; A) a direction functional. 


8Cf. M. G. Krein [2], [5], Vol. 1; M. S. Lifschitz [1], Vol. I, and A. J. Povzner [1], Vol. I. 

*If the deficiency indices of the operator L are (2, 2), then each self-adjoint extension of this 
Operator has a discrete spectrum. In this case the question of the structure of the inversion 
formulas does not arise since the role of formula (2) is played by the expansion of the function 
into orthogonal eigenfunctions, and the role of formula (1) is played by the expressions for 
the coefficients in the Fourier expansion of the function. 

10Thus, there remains to consider only one extension, that which is determined by the condi- 
tion (0)=0; it corresponds to 8=0o. The inversion formula established below is extended 
to this case by means of a passage to a limit. 
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The direction functional ®(/; A) has the following three properties 


which are essential for what follows. 
1° @(f; A) is an analytic function of A (— 0 < A<oo) for each fixed 


function fe¢D. 
2° If for some function f€ D and some real A 
®(f;) = 9, 
then the equation 
(L —rE)o =f 


has a solution in the class of functions which vanish outside a finite interval. 
3° If fis a function in Dz which vanishes outside a finite interval, 


then for each real A 
® (Lf; ) = ®(f; A). 
We prove only properties 2° and 3°. We establish 2° first. Let f(7)=0 
for t >a and assume that 


(3) ®(f3») = 0. 
We denote by 9 (7) (0 S$ t< oo) the solution of the equation 
Ip] — Ae =f, 


which satisfies the condition 

9 (a) = p (a) a'(a) = 9, 
(by the uniqueness theorem ¢(t) = Ofor? 2 a). Using the Lagrange 
identity, we get 


®(f5 ro) = | Le] —Aog}u (t; Ao) dt = [9, ule = [9, u]o = 


=| p(w — 9S) | =pWe'W —%OL,-0, 


which in combination with (3) yields 
P(t) 9 |,-0 = 99 (0), 


so that ¢ (#) € Dz. Thus, property 2° is established. 
The validity of 3° follows from the equations 


DLS,» = fILflu(es dt = Lule +A | (0 ules 2)dt = 29(f32). 


The direction functional © (/; 4) generates a mapping of the linear 
manifold D of functions f(t) onto some linear manifold D’ of functions 
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® (A) = ©(f; A). Ifa function f(t) belongs to D; then by 3° this mapping 
takes Lf into the function A® (A). This fact permits us to assume that the 
spectrum of the operator L is simple and that for a proper choice of the 
generating function the first of the inversion formulas connected with the 
operator L will have the form 


0) = | fu (A dt 


for f(t) ¢D. This formula is analogous to the Fourier-Plancherel trans- 
form. 

We now leave these considerations and proceed to the solution of the 
problem which was stated above. We shall need two propositions due to 
Krein. 

LEMMA: For each finite interval 4, of the axis there exists a function 
w(t) € D such that the function ® (A) = ® (4; A) does not vanish in the interval 
Ay. 

Proof: Let A, be a fixed point of the interval 4, and let x,(t) be a func- 
tion in D such that 

P (X03 Ao) FO. 
If ® (x9; A) 4 0 in the whole interval, then for the proof of the lemma it is 
sufficient to choose % = yp. If at some point A, € 4, 

P (x0; A) = 0, 
then by property 2° there exists a function x, € Dz such that 

Ly, — \ix1 = Xo. 
Applying to both sides of this equation the direction functional and using 
property 3° we obtain 

A® (x15 A) — AYP (X13 A) = P (X05 A), 

which yields 


Thus, replacing x» by x, we see that the function ®(y,; A) does not 
vanish at A=A, and at A=), it has a zero of multiplicity one less than that 
of the function ® (x; A). Since the analytic function ® (x); A) has only a 
finite number of zeros in the finite interval 4,, each of finite multiplicity, a 
finite number of repetitions of the above procedure yields a function 
Ww € D for which the functional ® (%; A) vanishes for no 4 € Jp. 


“Cf. M. G. Krein [5], Vol. I. 
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THEOREM |: Let 4, be a finite interval and let » be a function in D 
such that 


P ($; A) AO 
if \€ Ay. Furthermore, let E, be the spectral function of L and let 


1 
(t) = | eee | oF 
"7 J OSA)” 
Then for each function f € D and each interval 4 < Ag, 
(4) E(A) f= | (fA) dBg. 
4 


Proof: If we define the functional F (/; A) in terms of the direction 
functional © (/; A) by the relation 


Ff) = FO 


P(h5A)” 
then the formula to be proved is equivalent to the equation 
(4 E(4)f= | Ff») dBW. 
4 


We proceed to the proof of this equation. Assume that the left end points 
of the intervals 4, and 4 coincide and let the point a be the common left 
end point of these intervals. 

Consider the element w, = w,(t) of the space L?(0, 00) which is 
defined by the equation 


W, = f dE, f f F (f; 4) dEyt 


as a function of the parameter p» in the interval 4). To establish equation 
(4’) it is necessary to prove thatw, = Ofor » € 4,and, for this, itis obviously 
sufficient to show that 

i = 0. 

dp 
This equation must be understood in the sense of strong convergence in 
L(0, 0), 1.e., 


lim “Iw, 4. — w,[? = lim | 1w,.a(0) —w,(0) dt = 0. 
6+0 6” 60 0? : 
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We introduce the projection operator 
E (4,5) = Big ~ E ’ 


u 


and estimate || w,,5 — w,l|!. We have 


ut+é 


Were — Wall = E(4,,)f— i F(f;) dEl| $ 


(5) S|E(4,) (f—- FG Y)¥] Il + 


pts 


+1 E(Ay) Fd — | FUGA AEM, 


We estimate the first and second summands on the right side of this inequal- 
ity. Since 


®(f-—F(fiwsds4 =O(64 —FUS ») oY; 4) =09, 


it follows by 2° that the difference f— F(/; ») ¥ can be represented in the 
form 


(6) f— F(fiyH) ¢ =Le — ve, 
and, hence, 


WE (4,6) (f— FCS 2) #1? =! E(4,,5) [Le — vel i? = 


ut+s 


7 J [A — ph Pd (Ene, 9) S 8? || (4,69). 


As 6 -> 0, the element E (4, ;) ¢ tends to the element E (4, .) ¢ which either 
is zero or is an eigenfunction of the operator L corresponding to the eigen- 
value ». In the latter case, formula (6) yields the equation 


E (4,0) f — FCS we) E (4,0) ¥ = 0. 


This shows that formula (4’) is valid for 4 = 4,5. Therefore, it was possible 
to assume from the beginning that E (4, ,) 9 = 0 which means that 


(7 lim NE (4,4) Lf — FS: w) oi) = 0. 


For the second summand on the right side of the inequality (5), we 
obtain 
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ut+s 


|E (4,9) FG) — | FUG) dE IP = 


2 
S 


= [fu 1) — F(f;a) }dEy 


(8) a 
s [|FUGH) — FUGA Pd Eb ® = 


wuts 


| 


a | . p)*d (E,W, ) = M?3*(E(4, 5), #), 


where 
pao Ex<pt 6. 
In (8), M denotes the maximum of the absolute value of the derivative 


oath in the interval 4p. 


We remark that if » is an eigenvalue of the operator L, then ¢ is not an 
eigenfunction of this operator corresponding to ». Otherwise, 


© (3) = (L950 =*9(959) 


which implies that ®(%; 4) = 0 for A ~ pn, and this contradicts the choice 
of the function ¥. 


Thus, from inequality (8) it follows that 


= 0. 


) tim S| E4,0F Gwe -| Fu: dE 


From (5), (7) and (9) we conclude that w, = 0. This yields equation (4’), 
which was to be proved. 


Now we come to the fundamental theorem of the present section. 

THEOREM 2: IfL,L and u (t; A) have the meanings given in the beginning 
of the present section, then the inversion formulas which are related to the 
operator L have the forms 


(10) 2) = | Sur» dt, 


(11) f() = | ® (A) u(t; A) do (A). 
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Here a (A) is some nondecreasing function determined by the operator L; 
® (A) and f(t) run through the spaces L2(— «©, «) and L?(0, «) respectively. 
If one of the functions ® (A) and f (t) vanishes outside of a finite interval, then 
the integral on the right side of the corresponding formula can be understood 
in the ordinary sense. In the case of arbitrary functions © (A) and f(t) the 
integrals must be understood as limits in the norms of L2 and LX0, «), 
respectively, of the proper integrals 


[£0 w (5A) dt 


| ® (A) u(t; A) do Q). 


Proof: We note first that in formula (4) it is possible to take the 
element g, = E(4))g instead of the element g. We subdivide the A-axis 
into finite intervals 4,(+k = 0, 1, 2,...) and we choose for each interval 
4, an element g, in the same way as we choose the element gy for the interval 
4. We let 

& = » ks 
and in case the orthogonal series on the right side diverges, we understand 
g to be an improper element” (cf. Section 77) such that, for each finite 
interval 4, 


E (4) g = LE (A) & 


where the series on the right side contains only a finite number of summands. 
If fis an arbitrary function in D and 4 is an arbitrary finite interval 
of the A-axis then 


n-! 
B= b+ Sa + Ae (45S 4y3 45S dn), 


and 


E(A) f= E(da)f + S E(a)S + EUS). 


Therefore, for each finite interval 4 of the 4-axis, 


E(A)f= | Of) dEg. 


"A.J. Povzner and W. A. Martschenko communicated to us a proof of the fact that for 
p(t)=1, this element is always improper. 
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Let 4d— [— ©, «] to obtain the equation 


(12) f= | OH» aEg. 


Since the manifold D is dense in L?(0, 0), this formula implies that the 
operator L has a simple spectrum and the function g = g (1) is its generating 
element. 

From the theorem of Section 69 on the canonical representation of a 
self-adjoint operator with simple spectrum it follows that there exists an 
isometric mapping 


£0 =| ®@dEg 


of the space L? where o (A) = (E,g, g) onto the space L2(0, ©). Under this 
mapping, an arbitrary function f(t) in D corresponds to the direction 
functional ®(f; 4) = ©(A). Thus, the operator L, is isomorphic to the 
operator of multiplication by A in the space L?, so that 


Lf= Jp ® (A) dExg 
for f(t) € Dz. 
We turn now to the derivation of formulas (10) and (11). If /(¢) is 
an arbitrary function in L?(0, 00) and 


py = {FO sm 


0 (zn) 
then, by (12) 
(13) filt) = f ® (fas 2) dBg. 
Let ~ 
(14) (2) = 9 (fu) = f Sus de 


Since the sequence of functions { f,(t)} converges in the norm of L?(0, 00) 
to the function f(t), the isometric correspondence between the spaces 
L*(0, ©) and L? implies that the sequence {@ (A) } converges in the norm 
of L2 to some function & (A). Passing to the limit in the sense of the indicated 
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norm in equations (13) and (14), we obtain the formulas 


£0 =| PQ) aBg, 


(15) 
® (A) = [sO uG»ae 


The second of these formulas coincides with (10) and, therefore, it remains 
only to prove formula (11). 

Obviously, it is sufficient to prove that formula (11) is the inversion of 
formula (10) if ® (A) runs through the manifold MN of functions in L? which 
vanish outside of a finite interval. Thus, let the function # (A) belong to 
yt and let f(t) be the function of L2(0, 0) corresponding to it, which is 
defined by formula (15). We introduce the function 


_fl @s9o, 
ns) = | 0 (s>9d), 


and use the fact that the correspondence between L2(0, 0) and L? is iso- 
metric to obtain the equation 


[£6) rds) ds = [ OQ) (452) do), 


or 
frees = foo [facia is oo, 


The left member has the derivative f(t) almost everywhere and the right 
integral in A may be expressed with finite limits since ® (A) € Mt. Therefore, 
the derivative with respect to ¢ of the right member is 


[ S@uGrdoQ), 


and the proof is complete. 

Our result concerning the inversion formula would be incomplete if 
we did not show how to actually find the nondecreasing function o (A). 
We now concern ourselves with this question; with this aim we denote by 
u(t; A) that solution of the equation 


ily] — dy = 0, 


196 APPENDIX II. DIFFERENTIAL OPERATORS 


which for t =O satisfies the conditions which characterize the given 


extension L of the operator L. As was indicated above, this condition has 
the form 


P(t) e'(D |r-0 = 9¢ (0). 
The real parameter @ we take as finite so that u(O, A) 4 0 and we can let 
u(O;A) = 1. 


Furthermore, we denote by v(t; A) a second solution of the homogeneous 
equation which is normalized by means of the equations 


v(0;A) = 90, p(t) v'(t;A) |,20 = —1. 


The kernel K (t, s; A) of the integral operator which is the resolvent 
of the operator L, i.e., the Green’s function, has the form 


_. _ fu(ssz) [v(tsz) + m(zut32)] (s $0), 
(16) K (1952) = | rz) [v(ssz) + m(z)u(ssz)] (s>), 


The function #7 (z) is uniquely defined by the condition 
v(t;z) +m(z)u(t; z) €L2(0, 00). 


We now let 9 (t) run through the set of all functions in Dz which vanish 
outside of a finite interval. Let 


(L—zE)o=f, 


where z (Sz > 0) is fixed. The set 3t through which the function f(t) runs 
obviously is dense in L?(0, oo). If g(t) is an arbitrary function in D, then 


(3z > 0). 


fo @) 


[ea@ae= [ 20; 5 Ado. 


But since 
2 =| KG52)/0) ds, 


and, by property 3° of the direction functional, 
O(f; 2 
b(9; 4) = SE | 
A—zZ 


we have 


KESD(OrOuu = { SEE) do(). 


-@ 


! 


Ct, g 
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This equation is valid for all f, g € D, since Mis dense in L2(0, 00). Let 


1 tor oss 8, 


po-a0-| § 


0 for t> 6. 
Then our equation pe the form 


io 6) 


(17) Lf fc s; adds = J wr) 2M, 


where 
6 


w,(A). = | f u(t; A) a : 


As 6 +0, the left member of (17) tends to the limit 
K (0, 0; z) = m(z). 


Therefore, 
lim { o4(2) $ ae a) = m(2), 
eee 
which yields ‘ 
lim m fo A) de ° = <n (i). 
It is easy to conclude that the integral 
- do (A) 
+ 1 


- @ 


exists and equals ym (7). Therefore, 


J f= 7 a, do (A) = m(z) — m(i). 


It follows that 


1+Az do(A) 
Asse Je 


(18) m(z) = Rn i) + 
Applying the Stieltjes inversion formula (cf. Section 59), we obtain 


A 


eOe IF et) X const. + lim — | Sin (x + iy) dx. 
oaeG 
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It is possible to show that this formula is valid in the case when the boundary 
condition has the form ¢ (0) = 0. 

Completing the present section, we make several remarks concerning 
the case when the deficiency indices of the operator are (2, 2). A class of 
self-adjoint extensions of such an operator which was first studied by Weyl 
in the paper quoted on page 186 will be discussed. 

Let L have the deficiency indices (1, 1) or (2, 2). Let LZ, denote an 
extension of L determined by the boundary condition 


(19) P(t) 9D |r-0 = 99 (), 


so that D,, consists of all the functions 9 (t) € D,. which satisfy condition 
(19). Obviously L, is a symmetric extension of L. If the deficiency indices 
of the operator L are (1, 1), then the operator L, is self-adjoint. Letting @ 
vary from — © to oo, we obtain all self-adjoint extensions of L. If the defi- 
ciency indices of the operator L are (2, 2), then the deficiency indices of the 
operator L, will be (1, 1). Each self-adjoint extension L, of the operator L, 
is an extension of L. Varying @ in the interval (— ©, oo) and taking for 
each value @ all possible extensions L,, we obtain a class of self-adjoint 
extensions of L. This class is characterized by the fact that one of the two 
boundary conditions (2) of Section 5 which define the self-adjoint extension 
has the form (19); obviously, the second of these conditions involves only 
the singular end point t = o. Thus, the class of self-adjoint extensions 
obtained are characterized by reduced conditions. 

The assumption made in the beginning of this section that the defi- 
ciency indices of the operator L are (1, 1) was used only once, namely, in the 
proof of property 2° of the direction functional. However, it is easy to see 
that this property 2° is maintained in the case of the deficiency indices 
(2, 2), if only those self-adjoint extensions L are considered which are 
characterized by the reduced conditions. We denote such extensions by Ly. 

Thus, all of the above propositions remain valid for extensions L, of 
the operator L with the deficiency indices (2,2). In particular, from 
Theorem 2 it follows that the self-adjoint extensions L, have simple spectra. 

It is not difficult to see that as in the case of the deficiency indices 
(1, 1), the kernel of the resolvent R. of the operator L, (for @ ~ o) is 
defined by the formula (16) where the function 7 (z) is uniquely determined 
by the choice of the self-adjoint extension L, of L,. In particular, K(0, 
0; z) = m/(z). Reasoning further as in the case of the deficiency indices 
(1, 1) we obtain formula (18). Since, by Theorem 2 of Section 6, the 
operator L, has a pure point spectrum with the unique limit point at 
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infinity, the function o (A) is piecewise constant and formula (18) shows that 
m (z) is a meromorphic function of z. 

In correspondence with the results of Section 4 of Appendix I, the 
scalar product (R, f, /) for fixed f(t) € L%(0, 00) and z (Sz > 0) runs through 
a circle C( f; z) as R, runs through the set of all orthogonal resolvents of 
the operator L,. But from formula (16) it follows that the scalar product 
(R,f,f) has the form a + Bm (z), where the constants a and £ do not 
depend on the choice of the resolvents. Therefore, as the point (R,f, f) 
runs through the circle C (/; z), the point w=m (z) also runs through a 
certain circle which 1s called the Weyl limit circle. In the case of the defi- 
ciency indices (1, 1) (and only in that case) the Wey! limit circle degenerates 
to a point. Now we clarify the meaning of the terms “‘/imit circle’ and 
‘‘Jimit point” mentioned in the end of Section 5 of Appendix II. We do 
not present here the method by which Wey] arrived at the limit circle.!* 

We remark that although the circle C ( f; z) depends on the choice of 
f and z, the corresponding limit circle C depends only on z but does not 
depend on /, because the function m (z) does not depend on f. We shall 
find the equation of the limit circle. With this aim, following Krein, we 
use the Hilbert functional equation for the resolvent of the operator L, 
which yields, without difficulty, 


K (1,832) — K(4532) = (2-2) | K(G852) K(6, 532) a8, 
0 
Let ¢ =s =0 and use formula (16) to obtain 
m(z) —m(@) = (2 —2){ | (E52) + m(z)u(€s2) [al 
0 


Hence, the equation of the limit circle has the form 


fo 6) 
WwW —W 


| |v (&5z) + wu(’;z) Pd& = ———. 


7 Aiea 
0 


The case @ = oc involves a modification of the above arguments and 
leads to a similar result. We shall not go into this further. 


13 Cf. B. M. Levitan [2], Vol. I. 
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8. Generalization to Differential Operators of Arbitrary Order 


In Section 72 we saw that every self-adjoint operator A with a spec- 
trum of multiplicity r< oo determines an isometric mapping of H onto the 
space of vector functions L$. Under this mapping the operator A goes into 
the operator of multiplication by the independent variable. We recall that 
the matrix distribution function S (A) is determined by the spectral function 
E, of the operator A if one chooses some generating basis 1, Z, ..., 8, 
(r $p<oo) of this operator and lets 


SQ) = ((A,8is 8x) Pear 


The indicated isometric mapping is defined by the formulas 


(1) (d) = Vf, 


(2) f=V7OQ =Lim. | OL 


where the element fand the vector function © (A) = {%,(A),..., @(A)} run 
through the spaces H and L¢ respectively. 

Formulas (1) and (2) we call the inversion formulas related to the self- 
adjoint operator A. We remark that this definition is more general than 
the definition given in the preceding section for the case of operators with 
a simple spectrum since it does not require that the basis which generates 
the distribution function S (A) be minimal. In particular, by the definition 
of the present section, an operator with a simple spectrum has related in- 
version formulas which define an isometric correspondence between H 
and L*%, where the order of the matrix S (A) is larger than one. 

We now derive the inversion formulas for quasi-differential operators 
of arbitrary order. Let L be a quasi-differential operator with minimal 
domain, generated by the operation / of order 27 on the interval (0, 0) 
with a singular end point and let L be an arbitrary self-adjoint extension 
of the operator L. We make no assumptions now about the deficiency 
indices of the operator L. 

We introduce on the manifold D of functions of the space L?(0, «) 
which vanish outside a finite interval, the 2” direction functionals 


3) AN =[/Ow(GHdt  (F=1,2,...,2n), 
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where {u(t; A) }*", is the fundamental system of solutions of the equation 
l [uj] — Au = 0, 
which satisfy the initial conditions 


ul*-4.(0; d) = ; we Ge 


It is easy to verify that each of the functionals @(f; A) has properties 
1° and 3° of Section 7. As far as property 2° is concerned, it is now formu- 


lated in the following form. 
2° If for some function fe D and some real value 4 the 2n equations 


O(fs)=0 (j= 1,2,..., 2”) 
hold, then the equation 
(L—AE)o =f 
has a solution in the class of functions which vanish outside a finite interval. 


LEMMA 1:34 For each finite interval 4, of the dA-axis there exists a 
system of functions $(t), #.(t), ..., %,(t) in D such that the determinant 


D (A) = Det (P(x; A) jen 
does not vanish in the interval A). 
The proof of the lemma is easy to outline by the pattern of the proof 
of the corresponding lemma of Section 7 which is based on the analyticity 


of the determinant D ()). 
THEOREM |: Let A, be a finite interval and let ,, bo, ..., te, be a 
system of functions in D such that 


Det (G( 4,3 A) ) #0 (A € dy). 


Furthermore, let E, be the spectral function of the operator L and let gy, g», 
- 5 Zon De a system of functions defined by the equations 


2n 
g(t) = | ps 82:,(A) dEx by, 
4g 
where 92;,() are the elements of the matrix which is the inverse of the matrix 


(P(b,; A) ic 
Then for each function f € D and each interval A < Ag, 


(4) E(4)f= | SOF A) d Ey g;. 


14 This and the following proposition are due to M. G. Krein (cf. the work cited in the 
beginning of Section 7). 
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The proof of this theorem is completely analogous to the proof of 
Theorem 1 of Section 7. In the same way as there, we replace the condition 
(4) to be proved by the equation 


E(AS= [ SUA dEdy 
where 
FLY) = S20) OF, 


and we introduce the element 
u u On 
wa = [dB S— | DEAE, 
ie 


Inequality (5) of Section 7 now has the form 


E(4,,s) S-DAU #) | | v 
+E. 00 AW — f SAU Y 


The first summand on the right side of the inequality is estimated in 
the same way as in Section 7. As far as the second summand is concerned, 


| Wi+3—Ww,ll S 


2n 


() — S/EGo BW —f BU dE 


j= 


oe 


2n 
< p> M;8*(E(4,.5) 4, 4) 


where M, denotes the maximum of the absolute value of the derivative a 


in the interval 4). If » is an eigenvalue of the operator L, then the function 
w, 1S not an eigenfunction belonging to this operator since, otherwise, by 


property (3), 
l = A 
D(x, 5 A) a ye P(LY,; r) ae P;(, 5A) (j= 1,2,..., 2n), 


which would imply that ®(¥,; A)=0 for AA and, hence, D (A)=0 for 
Au. This contradicts the choice of the system ¥,, %,..., Yo, 

Thus, the right side of inequality (5) has magnitude greater than 5?, 
which yields the validity of the theorem. 
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THEOREM 2: If L, L and u(t; A) G=1, 2,..., 2n) have the meanings 
given in the beginning of the present section, then there exists a matrix 
distribution function S(A) = (¢,,(A) )} ,-1 for which the formulas 


N 


O(a) =Lim. | f(Qufe;:dt (j= 1,2,..-, 2m), 


f(t) =1i.m. { S B(A)u,(t; ) doy() 


establish an isometric mapping of the space L?(O, 0) onto the space of vector 
functions L. 

Proof: Wesubstitute 4 = 4,in formula (4) and we replace the system 
of elements {g,}7", by the system gf? = E (4,) g, (j=1, 2,..., 2m). Then 
we subdivide the A-axis into finite intervals 4,(+ k=0, 1,2,...) and we 
choose for each of these a system of elements {g'}7", in the same way as 
the system {g/}*", was chosen for the interval 4). 

Let 


= Se OS 1,2) ana5 20): 


k=-@ 


Then, as in Section 7, we obtain a system of elements (proper or improper) 
£21, 22, -- +5 Len Which satisfy the condition 


E (4) g; = 2, E (A) g7° 


for each finite interval 4. (The series on the right contains only a finite 
number of summands.) Furthermore, for each finite interval 4 of the 
A-axis we obtain the formula 


2n 
E(A) f= |X Of) dbs, 
= 
4 
and for 4 = [—o, oo] we obtain 
i 
f =lim. pee ) dE,g,. 
- 
-~N 


Since the manifold D is dense in L?(0, 00), the last formula implies 
that the multiplicity of the spectrum of the operator L does not exceed 2” 
and that g,, go,..., 22, 1S a generating basis. 
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The closure relation for f € D has the form 


ce oO 


[ipo Pat = f S9(F.9 245%) douQ. 


All further calculations mentioned in the end of the preceding section 
are carried over without difficulty to the case now under consideration. 
Hence, Theorem 2 is established. 


9. Examples 
I. The Trigonometric Functions. The differential operator: 
d? 
j=. (0S t < o). 

The deficiency indices of the operator L are (1, 1). The boundary condi- 
tion which characterizes a self-adjoint extension of the operator are 

y (0) = 4y (0). 
The fundamental system of solutions: 


u(t; A) = cos (\/At) + aa 


af 
v(t;A) = — re sin (4/A 2). 
The determination of the function m (z) (3z > 0): 
v(t;z) + m(z)u(t;z) = 
=m(z){ cos (x/ 2) +—~=sin(/A9| an sin(4/ zt) = 
a/Z /Z 
_ a = p I -iv/zt 
=(m@|5 TW ETA et 
Dep oh ists 
. |(2) E 7 WA eT ae 
the condition that this belongs to L?(0, 00) yields 


! g i 
ae E 7 sr| oe 


sin (4/2 2), 


so that 


ae ar 
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The determination of o (A): 


Ne li 1 fs 
o (A) = const. am eR” 


0 


if 6 2 O, then 


Va 
o’(A) ~ (A +6?) (A 2 0), 
a (A) =0 (A <Q); 
if @ < 0, then 
A 
(A) = 2 A20 
0) = oe (A 20), 
and at the point 
hy = — @ 


there is a jump 
a (Xp +0) — o(%) = — 28. 
The inversion formulas: 


(a) (@ 2 0) 
r = gd, — 
(A) = | S(){ cos /X1) + sine a} de (A = 0), 


fo = aI ®(1){ cos(y/1) + inva} Wadi 
(b) (6 <0) 
J f(t) {cos (\/X1) + ay sin(a | dt (A = 0), 
gAy=2 
| f (te dt A= — 0), 
0 (A 4 — 6,2 < 0), 


f() = —260( —08)e" 4. | ®(A)| cos (/r1)+ sina 1) ae dy. 
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If the boundary condition is of the form 


y (0) = 9, 
then the inversion formulas are obtained by letting @ > oo: 


ea) =f sO =aty™ dt, 


Oe & (2) sin (/A0) aA. 


In this case as for 6 = O, we obtain the ordinary Fourier-Plancherel trans- 
formation for the semi-axis. 


II. The Legendre functions. The differential operation: 
=~ Fa -94 (te pS 
Both endpoints of the interval are singular. 
An orthonormal system of solutions of the equation 
(L* — AE) u = 0 
for nonreal A has the form 
uy(t3A) = AutP,(t) + P.(—d}, 


(A, B, > 9), 
u,(t; A) aa B, APA) — P,(—t)}, 


where 1 1s any root of the equation 
w(we + 1) =A, 
and P,(t) is a Legendre function of the first kind which can be defined by 
means of the following series*® 
P(t) = 
2 (u+1)(u¢ +2)... +k) (—») (-4t1)...(-#+k—I) (1_t\* 
as) ke 2 3) ° 


It converges for tin the circle | t — 1 |< 2. This series is the hypergeometric 
function 


1—t 
aa pe 5 


18 Cf. E. T. Whittaker and N. G. Watson [1], Vol. I. 
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Furthermore, 


+] 1—t 
py — At dF F(u#+2,-# +123), 


Therefore, as > — 1 +0, 
P(t) sin my 
Rell Sd See anc 


[re 
l+t 
2 sin 7 esiiny: 
(hese) 


It follows that both solutions belong to L?( —1, Te i.e., the deficiency indices 
of the operator L are (2, 2). 
We let 


“Ft 


| J 
e(D=90—7MOn—, 


where the quasi-derivative o!1)(r) ae 


(1 — t*) 9(t), 


and then we can express the Lagrange bilinear form by 


lo. H], = MO HD) — 9°) HI"). 

For every function 9 (t) € D,. there exist the finite limits 

lim o!(t), lim °*(#). 

to+1 totl 
The manifold D, is the set of all those functions ¢(t) ¢ D,. for which these 
four limits equal zero. These two results follow from the fact that for each 
function f(t) ¢ L?(—1, 1), the general integral of the equation 

ly] =fO 


has the form 
yin=(C+5 from 5} +(C— 3 fone n 


In order to shia a self-adjoint extension of the operator L it is 
necessary, by the general theory, to choose some A in the upper half- 
plane (we take A=p(u+1), where » is purely imaginary) and, choosing a 
unitary matrix (6,); ,-1, to let 


Wy (5 A) = uy (5A) + Oyu, (05) + O12Us(t; A), 
Wo(t3 A) = Ue (t5A) + 82) Uy (t5.A) + Po9 Ute (FE; A). 
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Furthermore, it is necessary to find the values 
we(£1;a), we(E1; A) (k = 1, 2), 
and, in terms of them, to express the boundary conditions 
[o, w,J-,=0 (k=1, 2) 


which distinguish the domain D,. from the domain D,,. 


Using the formulas mentioned it is not difficult to establish the follow- 
ing table: 


2 sin 7 
wi 1) =——"* 4 (1 — 041) — B, Os}, 


wH(+1) = (+A, 9x, +B,(1 —4%2)}, 


wi( +1) = A, {[l oe y(u)] + 6,,[1 a y(u)]} +6,.B,[1 —y(n)], 
wo( +1) = 614, [1 + (4)] + B.{[l—rv(4)] + %2[1 —r(4) }- 


We do not calculate the value of y(), but from what follows it will be 
clear that y (nu) 4 +1. 

We obtain the simplest and most important self-adjoint extension by 
letting 


65, = Oo= 1, O1.= O5,= 0. 
Then 
wi(+1) =0, wY+1) = 90, 
and 
wi(t) = 4,24) + W)], 
w(+1) = £B,[2 — xv) — y(u)]. 


Since neither w,(7) nor w,(t) belong to D,, the last expressions are distinct 
from zero, which implies that y(u) 4 +1. 


The boundary conditions which characterize the extension considered 
have the form 


(1) pfI(1) 22 ptt — 1) — (), 
It is possible to express them differently. First, they are equivalent to the 


condition 


Trap MO ELA, D. 
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Second, they are equivalent to the following requirement: 
(3) y(t) tends to finite limits as t> +1. 


We now show that these conditions are equivalent. It is sufficient to 
consider the case of real functions. Then 


B 
— {eld —A el a = 


(—l<a<f<}), 


(4) 
=-(-P)e'(oOR+ [= e%(Odt 


the left side of which has finite limits for a+—1 and B—1, for each func- 
tion 9 (t) ¢ D,.. On the other hand, 


ol) = ol 1) — f Ifols) Jas = 91) + f Ife) 


Therefore, condition (1) is satisfied, so that 
lo) | S Yl 4 rl L*e ll, 
and, consequently, 


l+4 
lim 9! (7) In — = 0. 
t>+1 at 


—~ 


It follows that, as t+-+1, ¢ (¢) tends to finite limits, 1.e., condition (3) is 
satisfied. From the identity (4) follows also the existence of the integral!® 


(5) 1(@) = { Ie) 9Oat 


so that condition (2) is satisfied. Thus, (1) > (3) and (1) > (2). It remains 
to prove that (2) > (1). But if the integral (5) exists, then 9!" (1) cannot 
be different from zero, since otherwise the finiteness of »*(1) would imply 
that ¢ (ft) has an infinite limit as t > |. This would contradict identity (4). 

The self-adjoint extension characterized by any one of the conditions 
(1), (2), and (3) reduces to the classical expansion in terms of Legendre 
polynomials. Since the boundary conditions (1) are reduced in the sense 
defined earlier, the spectrum of the extension is simple. The spectrum is 


16 We remark that the equation / [p]=0 coincides with the Euler equation for the integral 
I(¢v). In this connection cf. Friedrichs [2], Vol. I. 
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discrete and the inverse operator is completely continuous. The Legendre 
polynomials 


1 d™(r—1)" 
P,(t) = aml di@ (n = 0,1, 2, .-..) 


satisfy the equations 
d du 
she (I et) aE lhu=0O 


and, in addition, they satisfy condition (3). But, since the set of all poly- 
nomials P,(t) form a complete orthogonal system in L?(—1, 1), the spec- 
trum of the extension considered consists of the points 

n(n + 1) G0 lade. 22), 
and the inversion formulas corresponding to this case follow from the 
expansion in the series of Legendre polynomials. 


III. The Tchebysheff-Hermite functions are connected with the dif- 
ferential operation 


9 


ad? 
(6) l=-F,+ (-w<t<o), 


which, in particular, is very important in the theory of so-called linear 
oscillators. 

For the deficiency indices of the operator L we use Theorem 4 of 
Section 6, applying this theorem to an operation of the more general form 


fa ke 
(7) a Gg) 
where q (t) 2 0. 
We apply the method of successive approximations to the equation 
u" = q(t)u (OS t < o), 


and this shows that the solution u (tf) which equals one for ¢f = 0 satisfies 
the inequality 


u(t) 2 1 


for all ¢ 2 0, and hence does not belong to L*(0, ©). 
Thus, the equation 


—u" +q(thu—dAu=0 


has for A = 0 a solution which does not belong to L? (0, 0). By Theorem 
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4 of Section 6, the operator with minimal domain which is generated by 
the operator (7) on the semi-axis (0, 00) has deficiency indices (1,1). Obvi- 
ously, the operator with minimal domain generated by the operator (7) on 
the negative semi-axis also has deficiency indices (1, 1). Applying Theorem 
3 of Section 4, we find that the operator with minimal domain which is 
generated by operation (7) on the whole axis has deficiency indices (0, 0). 

Obviously we would obtain the same result if we had replaced the 
requirement of the non-negativity of the function g (t) by the condition of 
its semi-boundedness from below. 

In particular, the operator L which is generated by the operation (6) 
is a self-adjoint operator. It is easy to verify that the equation 


—u" + (?—rA)u=0 
with 
AS 2a “GH 021,.2--2.4) 


is satisfied by the sequence of Tchebysheff-Hermite functions (cf. Section 
11) which form a complete system in L?(— 00, 00). Therefore, the operator 
L has a pure point spectrum with the unique limit point at infinity. Thus, 
the inversion formulas connected with the operator L are indicated by 
the expansion in Tchebysheff-Hermite functions. 

The example considered is particularly instructive. It shows that the 
property that the resolvent is a completely continuous operator, which, 
by Theorem 2 of Section 6 of Appendix II, always holds in the quasi- 
regular case, also can hold in other cases (even in case of minimal deficiency 
indices, as in the above example). 


IV. The Bessel functions. "Among the various differential operations 
which lead to Bessel functions the most important one has the form 
Ae 
ie + 
t t 
We consider this operation with the parameter v 2 O. As far as the inter- 
val is concerned it is natural to study the following three cases: 


(8) I= 


(a) O<tsl one singular end point, 
(8) 1St<o one singular end point, 
(y) O<t< oa two singular end points. 


The general integral of the equation 
(9) l[u] — Au =0 
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with A + 0 has the form 
(10) u(t;A) = At, (t/d) + BLY, (t/)). 


Here A and B are arbitrary constants and J,(z) and Y,(z) are the Bessel 
functions of the first and second kind, respectively. They are defined by 


the formulas 
A Zz v+2k 
J,(z) = do 


Aoki Pv tk +) 


Jz) cos mv —J_,(z 
Y(2) = J(z) cos 7 v —J-y(2) 
sin 7 Vv 
We assume that 3A>0Oand1t>0. Then the value z = t,/A satisfies the 
inequality 
i 
5: 


For | arg z| < zand | z|— o the following asymptotic formulas hold: 


O<argz< 


I,(z) +iY,(z) = H(z) ~ NT 2 ¢ (-¥-9), 


J(z) —iY,(z) = H(z) ~ J Ee" om 74): 


We substitute these formulas in (10) and find that equation (9) has not 
more than one solution which belongs to L?(1, 00). But one such solution 
must exist. Hence, this solution is the function 


u(t; 4) = AHM(t/). 


The deficiency indices of the operator L in case (§) are (1, 1). 
We shall find the deficiency indices of the operator L in case a. Since, 
as z—>0, 


] 
1 gt ya 


2 ~ 
Z J,(Z) Iv + 1)’ 


and, on the other hand, z#Y (z) does not belong to L*(0, 1) for v2 1 and 


belongs to L(0, 1) for O < v< 1; in the case a the deficiency indices of L 
are 


(2,2) for OS v<l, 
(1,1) for v2 1. 
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Therefore, in case y the deficiency indices of L are 


(1,1) for OS v<l, 
(0,0) for v 2 1. 


In each of the enumerated cases the differential operation (8) generates 
certain inversion formulas. 

We obtain a unique pair of formulas for the interval (0, 00) if y 2 1. 
These formulas have the form 


IV IIA 


g(\) = | VALOADS(O dt 
(11) 
£0 = [ V¥IODgQ)A. 


We have here not only a unitary but a self-adjoint operator in L?(0, 00). 
It is called the Hankel transform. To derive the inversion formulas (11) 
rather simply, we can apply one of the methods indicated for obtaining 
the Fourier-Plancherel inversion formulas. It turns out that formulas (11) 
hold also for v 2 O but, for 0 S$ v <1, are not the pair of unique inver- 
sion formulas on the semi-axis!” generated by formula (8). 

We consider the case of the interval (0, |] for vy 2 1 and we assume 
that the boundary condition at the regular end point has the form 


9 (1) =0. 
Hence, we can let 
U(ts) = FV EVA) YX) — V(t A(VAD}. 


Furthermore, let 


11532) =F VAD) YUV/2) — VV) O/D}. 
Then 
u(t; z) [v(s;z) + m(z) u(s;z)] (tS) 
u(s;z)[v(t;z) + m(z) u(t;z)] (>5). 
The function m (z) is defined with the aid of the condition that the solution 


v(t; z) + m(z) u(t; z) 


K(t,s3z) = 


17 The formulas (11) are valid also for v= —} and also in a slightly different form for com- 
plex v such that v> -}. 
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belongs to the space L?(0, 1). This means that the function 
x VEZ) Vz Yi) + (2) Y(Vz)]} -- 
—FVUYAtVZ) LVZV2Z) + m@)ICVZ) }} 


should reduce to the first term. Thus, 


GZ) 
m(z) = — IE 


This function can be represented in the form 


m(z) = 3S: = 


—=Z—An 


where the A» are the nonzero roots of the function J,(,/z). It follows that 
o (A) is a piecewise constant function and that the sequence A, As, As, ... 
forms the spectrum. The eigenfunctions are 


7 as = tdI,(tr/An 
Un(t) = u(t; An) = av! Y(V/An) J (t4/An) = — vs 


The inversion formulas reduce to the expansion formula 


© WITT) fn 
= LL J ve ov mI) ds 


which is known as the Fourier-Bessel series. 
If at the regular end point the general condition 


e(l) = — 6¢() 

was assumed, then we would arrive at the so-called Fourier-Dienes series. 

We do not consider the case of the interval (0,1) for O s v <1. 
We remark only that in this case the method that we used in connection 
with the Legendre operation can be adapted. 

In addition, we leave to the reader the considerations of the case of 
the interval (1, 0c) and the deficiency indices (1, 1). If we assume at the 
regular end point the condition 


e (1) = 9, 
then we find, by the method used repeatedly, 
ise IV z) + i¥iO/2) 
a T(a/z) + iY,0/Z)’ 


9. EXAMPLES 


and we obtain the Weber inversion formulas 


® (a) = [VF VA) YVA) — VV MV ISO at 


f(t) = [vi J (ts/) YAW) = Y (t/a) J/2) B(A) dn. 


TVA) + YO/A)} 
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Additive interval function, 56 


Basis, generating, 63 
Bessel functions, 211 


Canonical form of an operator, 52, 64 
Carleman kernel, 184 
Cayley transform, 42, 94 
of a symmetric operator, 43 
Characteristic function of an operator, 
152, 153 
Commutative operator, 76 


Deficiency, 93 

element, 93 

indices, 91 

number, 93 
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Differential 

operator, 84, 106, 203 

expressions, 162 
Dimension modulo M, 98 
Direction functionals, 187 
Discrete part of the spectral kernel, 107 
Distribution function, 56, 61 

inferior, 56 


Eigen-frequency of a unitary operator, 48 
Eigenvalue, 46 
Elementary maximal operators, 106 
Equivalent, unitarily, 65 
Extensions, 96 

quasi-self-adjoint, 146 

quasi-unitary, 148 

reduced conditions, 198 


relatively prime, 1!0 
self-adjoint, 107, 108, 110, 167, 174 
symmetric, 100, 108, 110, 127 


Field of regularity, 91 
Fourier-Bessel series, 214 
Fourier-Dienes series, 214 
Fourier-Plancherel transforms, 186, 206 
Functionals, direction, 187 
Functions 

additive interval, 56 

Bessel, 211 

characteristic vector, 61 

distribution, 56, 61 

Legendre, 206 

of self-adjoint operators, 68 

trigonometric, 204 

Tchebysheff-Hermite, 210 


Generalized resolvent, 134 
Generating 

subspace, 59 

basis, 63 
Groups of unitary operators, 29 


Hankel transform, 213 
Hilbert-Schmidt kernel, 184 


Identity, resolution of, 14, 16 


linear, 97 
modulo M, 98 


Inferior distribution functions, 56 
Integral operator 

with Carleman kernel, 184 

with Hilbert-Schmidt kernel, 183 
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Integral representation 
of a group of unitary operators, 29 
of a resolvent, 31 
of a unitary operator, 16 
of analytic functions, 5, 7, 8 
of self-adjoint operators, 36 
Inversion formulas, 186 
of self-adjoint operators, 186 
Weber, 215 


Kernel 
Carleman, 184 
Hilbert-Schmidt, 183 
spectral, 107 

Krein formula, 110, 139 


Lagrange identity, 163 
Legendre functions, 206 
Limit 

point, 176, 199 

circle, 176, 199 
Linear independence, 97 

modulo M, 98 


Maximal 
operators, 103, 106 
common part, 110 
Moment problem, | 


Neumann formulas, 97, 99 


Operators 
canonical form of, 64 
characteristic functions of, 152, 153 
commutative, 76 
differential, 84, 106, 203 
multiplication, 50, 62, 84 
rings of, 80 
semi-bounded, 114 
simple symmetric, 10] 
Orthogonal 
resolvent, 134 
resolution of the identity, 16, 121 


Point 
continuity, 46 
jump, 46 
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of constancy, 46 

of continuous growth, 46 
of growth, 46 

of regular type, 91 
regular, 46 


Quasi-differential operation, 162, 186 
regular, 163 
singular, 163 
Quasi-regular differential operator, 176 
Quasi-scalar product, 123 
Quasi-self-adjoint extensions, 146 
Quasi-unitary extension, 148 


Regular 
differential operators, 166 
point, 46 
quasi-differential expression, 163 
quasi-differential operator, 168 

Resolution of the identity, 14, 16, 121 
generalized, 121 

Resolvents, 110 
generalized, 134 
integral representation, 29, 31! 
of self-adjoint extensions, 177 
orthogonal, 134 

Rings of operators, 80 


Self-adjoint extensions, 107, 108, 110, 167, 
174 
Self-adjoint operators 
canonical form, 52, 60 
differential expressions, 162 
functions of, 68 
integral representation of, 36 
rings of bounded, 80 
spectra of, 46 
unitary invariants of, 65 
Semi-bounded operators, 114 
Series 
Fourier-Bessel, 214 
Fourier-Dienes, 214 
Simple 
spectrum, 50 
symmetric operators, 101 
Singular 
differential operators, 170 
quasi-differential expression, 163 
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Spectral 
function, 49, 134 
types, 56 
kernel, 197 
Spectrum, 46 
multiple, 59 
multiplicity of, 59 
simple, 50 
Stieltjes integrals, 22 
Subspace 
deficiency, 93 
generating, 93 


Tchebysheff-Hermite functions, 210 
Theorem 
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of M. A. Naimark, 124 

of Riesz-Neumann, 77 
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Trigonometric functions, 204 


Unitarily equivalent, 65 
Unitary invariants, 65 
Unitary operators, 16, 29 
eigen-frequency of, 48 
groups of, 29 
spectra of, 46 


Weakly closed operator ring, 81 
Weber inversion formulas, 215 
Wey] limit 

circle, 176, 199 
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